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Algorithmic pricing is increasingly prevalent in online marketplaces, raising concerns that learning algorithms may

sustain supra-competitive outcomes even without explicit communication. We study competing sellers who interact

in a repeated Prisoner’s Dilemma environment and delegate decisions to memoryless value-based learning algorithms

that we call Q-value Reinforcers. A platform can mitigate collusive behavior by steering demand toward sellers

choosing more competitive actions. We analyze the induced fluid dynamics and show that the effectiveness of the

platform’s intervention depends on three distinct forces. First, the intervention level affects equilibrium behavior:

stronger intervention reduces the level of cooperation at an equilibrium fixed-point. Second, the learning architecture

matters in two distinct ways: the algorithm’s degree of greediness (how strongly it shifts toward the action with

the higher current value) shapes the location and cooperativeness of the stationary outcomes, while its learning rate

and sensitivity to payoff feedback determine whether the learning dynamics converge to those outcomes or become

unstable. Third, the speed of implementation matters. Even when the target intervention level preserves local stability,

an abrupt intervention can move inherited Q-values outside the fixed point’s basin of attraction and induce persistent

oscillations through a Hopf bifurcation that is subcritical in our numerical computations. Gradual implementation,

by contrast, allows the learning dynamics to track the moving stable equilibrium and reach a more competitive stable

outcome. The results show that platform regulation of algorithmic collusion requires choosing not only how much to

intervene, but also how quickly to implement the intervention relative to the algorithms’ learning dynamics.

1. Introduction

Algorithms are increasingly used by firms to set prices and make other strategic decisions in online mar-

ketplaces. Automated repricing tools allow firms to react to market conditions at a frequency and scale

that would be difficult for human managers to match. These capabilities can improve responsiveness, but

they also raise concerns about algorithm-enabled coordination.

Early enforcement cases illustrate one channel through which algorithms can implement explicit collu-

sive agreements. The U.S. Department of Justice charged an e-commerce executive with conspiring to fix

prices of posters sold through Amazon Marketplace and alleged that the conspirators used pricing algo-

rithms and custom code to carry out the agreement (U.S. Department of Justice, Office of Public Affairs

2015, U.S. Department of Justice, Antitrust Division 2015). The UK Competition and Markets Authority
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similarly found that two competing sellers agreed not to undercut one another’s prices for posters and

frames on Amazon’s UK website and implemented the arrangement through automated repricing software

(Competition and Markets Authority 2015). The concern is broader than explicit agreements, however.

Controlled experiments show that reinforcement-learning pricing agents can sustain supra-competitive

prices in repeated interaction even without direct communication among firms (Calvano et al. 2020), moti-

vating policy discussions about whether algorithmic pricing and price transparency can heighten the risk

of tacit coordination (OECD Competition Committee Secretariat 2017).

In this paper, we use algorithmic collusion to mean supra-competitive market outcomes that arise when

firms delegate pricing or other strategic choices to algorithms that process market information, choose

actions, and adapt to feedback. This definition is outcome-based: it does not require direct communication

or an explicit agreement among firms. The concern is that algorithmic agents may react quickly and

systematically to market feedback, making elevated prices or other supra-competitive outcomes easier to

sustain (see Section 3.5 for further discussion).

Algorithmic collusion can arise through several channels. Rival-monitoring repricing tools can match

competitors’ prices quickly and punish undercutting; Assad et al. (2024), for example, document high-

frequency price adjustments in the German retail gasoline market consistent with such dynamics. Common-

vendor pricing tools create a second channel, when competitors rely on the same third-party system to

generate recommendations, as alleged in recent disputes in rental housing and healthcare (U.S. Depart-

ment of Justice 2024, Henry 2025). A third channel, and the one we study, is decentralized learning:

independently operated algorithms may adapt to one another’s behavior and settle into supra-competitive

outcomes without a common vendor or explicit agreement.

We study how such outcomes emerge and how they can be mitigated when sellers delegate pricing deci-

sions to learning algorithms. Our model combines three elements. First, sellers interact repeatedly in a

Prisoner’s Dilemma environment, which captures the tension between competitive behavior and mutually

profitable cooperation. Second, each seller uses a value-based learning rule that we call a Q-value Rein-

forcer. The algorithm maintains a score for each action, updates these scores using realized payoffs,

and maps score differences into randomized choices. Third, a platform can steer demand by reallocating

exposure away from less competitive actions and toward more consumer-friendly actions, as in ranking,

recommendation, buy-box, or featured-placement policies.

The analysis highlights a dynamic tradeoff in platform intervention. A higher intervention level can make

the competitive action more attractive and reduce the equilibrium degree of cooperation. But intervention

also changes the feedback loop through which algorithms learn. As the intervention level increases, the

stable fixed point may lose stability through an oscillatory mode, generating persistent fluctuations rather

than convergence. More importantly, even before this loss of local stability, the fixed point’s basin of

attraction—the set of learning states from which the dynamics converge back to it—can become small.

An abrupt policy change can therefore move the current Q-values outside this basin, causing the market

to enter persistent oscillations even when the post-intervention fixed point remains locally stable.
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The central managerial implication is that platform intervention has both a level and a speed. The

target level determines the incentives that sellers face after the policy is in place. The implementation

speed determines whether the learning dynamics can track the moving stable equilibrium on the way to

that target. Gradual implementation can preserve convergence by keeping the system inside the relevant

basin of attraction; sudden implementation can destabilize learning and generate persistent cycles. Thus,

the policy question we study is not only how strongly a platform should intervene, but also how quickly

it should move to the desired intervention level.

The remainder of the paper is organized as follows. Section 2 positions the paper in the related literature.

Section 3 introduces the model, the Q-value Reinforcer algorithms, the platform’s demand-steering

policy, the fluid approximation, and the measure of algorithmic collusion. Section 4 provides a non-technical

roadmap of the analysis and main results. Section 5 studies fixed points and stability under a constant

intervention level. Section 6 analyzes how intervention intensity affects equilibrium cooperation, local

stability, and the basin of attraction of the system’s stable fixed point equilibrium. Section 7 studies

implementation speed and derives conditions under which gradual intervention preserves convergence.

Section 9 concludes. Proofs and additional technical details are provided in the appendices.

2. Related Literature

Our paper contributes to the literature on algorithmic collusion. Legal and policy discussions by Harrington

(2019) and the OECD (OECD Competition Committee Secretariat 2017) frame algorithmic pricing as a

regulatory concern, and recent enforcement statements emphasize that algorithmically coordinated pricing

may be unlawful even without direct communication (FTC 2024). Empirical work shows that algorithmic

pricing is widely used in online marketplaces (Chen et al. 2016), while the dynamic pricing literature

documents the operational value of adaptive pricing algorithms (Misra et al. 2019). At the same time,

the evidence is nuanced: pricing algorithms can intensify undercutting rather than facilitate coordination

(Spann et al. 2024). The relevant question is therefore not whether algorithms collude mechanically, but

when particular learning rules, market environments, and institutional settings make supra-competitive

outcomes likely to emerge and persist.

A growing theoretical and computational literature studies this question in repeated-market environ-

ments. In repeated Bertrand competition, Calvano et al. (2020) show that reinforcement-learning pricing

agents can learn reward–punishment patterns that sustain supra-competitive prices. Subsequent work

shows that the phenomenon depends on the pricing protocol, algorithmic architecture, and information

structure: Klein (2021) studies Q-learning under sequential pricing, Lamba and Zhuk (2022) endogenizes

firms’ choices of pricing algorithms, Asker et al. (2022) analyzes how algorithm design shapes pricing out-

comes, and Banchio and Mantegazza (2024) shows that collusion can emerge even between agents without

explicit memory of play histories. Related work studies simpler learning architectures: Douglas et al. (2026)

show that multi-armed bandit learners can generate “naive” algorithmic collusion in a repeated Prisoner’s
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Dilemma, and Hansen et al. (2021) show that independent UCB bandit algorithms can generate supra-

competitive prices. Empirical evidence from the German gasoline market suggests that algorithmic pricing

can raise margins in practice (Assad et al. 2024). Together, these papers establish algorithmic collusion as

a learning-and-dynamics problem: market outcomes depend not only on payoffs and information, but also

on how algorithms convert feedback into future actions.

Our analysis is also related to the broader literature on learning in games. Classical work on fictitious

play and adaptive learning shows that equilibrium existence does not imply convergence of the realized path

(Brown 1951, Robinson 1951, Shapley 1964, Fudenberg and Levine 1998). Evolutionary and population-

game models reach a similar conclusion: simple continuous-time dynamics can converge, cycle, or exhibit

more complex behavior depending on the game and the adjustment process (Taylor and Jonker 1978,

Zeeman 1980, Hofbauer and Sigmund 1998). The no-regret literature draws a related distinction between

convergence of time averages and convergence of play itself. Regret-based procedures can drive empirical

play toward correlated equilibrium in time average (Hart and Mas-Colell 2000), while last-iterate behavior

may cycle or fail to converge (Mertikopoulos et al. 2018, Daskalakis et al. 2018, Daskalakis and Panageas

2019, Cai et al. 2022). This distinction is central in our setting because persistent oscillations in prices,

demand, or seller behavior are economically meaningful even when long-run averages appear well behaved.

The reinforcement-learning literature provides the algorithmic foundation for our model. Watkins and

Dayan (1992) introduced Q-learning as a model-free method for estimating action values, and Littman

(1994) extended reinforcement learning to multi-agent environments through Markov games. In multi-

agent settings, each learner faces a nonstationary environment because other agents are adapting at the

same time. Much of the multi-agent reinforcement-learning literature is therefore prescriptive, modifying

the learning rule to recover convergence guarantees or equilibrium structure, as in Nash-Q learning (Hu

and Wellman 2003), Friend-or-Foe Q-learning (Littman 2001), WoLF (Bowling and Veloso 2002), and

correlated-Q learning (Greenwald and Hall 2003); see Zhang et al. (2021) for a survey. Our focus is

different. We take the sellers’ learning algorithms as given and ask how a platform can reshape the market

environment in which those algorithms learn.

This connects the paper to work on platform governance and market-design interventions. Platforms can

influence seller behavior through entry rules, quality standards, information provision, recommendations,

rankings, and demand allocation (Teh 2022). Related work studies specific platform levers, including rec-

ommendations and demand steering (de Cornière and Taylor 2019) and search-ranking design (Dinerstein

et al. 2018). A smaller literature studies interventions aimed directly at limiting algorithmic collusion.

Johnson et al. (2023) show that ranking and buy-box rules can mitigate collusion by reallocating demand,

while Brown and MacKay (2023) argue for restricting algorithms that condition directly on rivals’ prices.

The results of Banchio and Mantegazza (2024) and Douglas et al. (2026) suggest that such restrictions may

be insufficient when collusive-looking outcomes arise from simpler forms of learning. Other work studies

regulation through auditing, incentives, or planner interventions (Yang et al. 2023, Hartline et al. 2025,
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Zhang et al. 2024, Brero et al. 2024). These papers characterize the form or level of intervention. We show

that the path of implementation, and especially its speed, is itself a distinct design variable.

Methodologically, our approach uses stochastic approximation and nonlinear dynamics. The ODE

method justifies studying stochastic learning algorithms through deterministic fluid limits (Borkar and

Meyn 2000, Kushner and Yin 2003, Borkar 2008), and related methods have been applied to Q-learning in

games (Leslie and Collins 2005, Gomes and Kowalczyk 2009, Wunder et al. 2010). Recent work also uses

dynamical-systems tools to study phase transitions and oscillations in deterministic approximations of

multi-agent learning (Leonardos and Piliouras 2022, Goll et al. 2025). We use this perspective to connect

platform intervention to stability, equilibrium selection, and persistent oscillations.

Our contribution is to show that demand-steering intervention affects not only the equilibrium incentives

faced by learning algorithms, but also the stability of the learning process itself. In a repeated Prisoner’s

Dilemma with Q-value Reinforcer algorithms, stronger intervention reduces the equilibrium level of

cooperation but can also shrink the basin of attraction of the desired fixed point. As a result, an abrupt

intervention can move the system outside this basin and induce persistent oscillations, whereas gradual

implementation can preserve convergence by allowing the learning state to track the moving equilibrium.

This identifies implementation speed as a platform-design lever alongside intervention intensity.

3. Model Setup

We consider a market in which two firms sell through a common online platform and compete for the

same pool of consumers. Consumers arrive according to a homogeneous Poisson process with rate Λ.

Sellers choose mixed actions over the binary action set A = {C,D}. The action C denotes cooperation

and D denotes defection. In the applications we have in mind, cooperation is the less consumer-friendly

action—for example, a high price, low inventory, or low service quality—whereas defection is the more

consumer-friendly action—for example, a low price, high inventory, or high service quality.

The firms interact repeatedly. Decisions are made at epochs k = 1,2,3, . . ., with consecutive epochs

separated by a period of length ∆> 0. The number of consumers arriving in period k is Poisson with mean

Λ∆, independently across periods. At the beginning of period k, firm i ∈ {1,2} chooses a mixed action

pi
k = (ai

k,1− ai
k)∈ΣA, where ai

k is the probability assigned to action C. Conditional on pi
k, firm i applies

this randomization independently across consumers arriving in the period. We write ak = (a1
k, a

2
k)∈ [0,1]2

for the resulting profile of cooperation probabilities.

Absent platform intervention, the expected per-customer payoffs are given in Table 1. Expected payoffs

are normalized on a per-customer basis: the arrival process determines the number of payoff observations

in a period, but not the entries of the stage-game matrix. The stage game has the Prisoner’s Dilemma

ordering T > R > P > S > 0. Mutual cooperation gives both firms the reward payoff R, while mutual

defection gives both firms the punishment payoff P . If one firm defects while the other cooperates, the

defector obtains the temptation payoff T and the cooperator obtains the sucker payoff S. Thus, mutual

cooperation is more profitable than mutual defection, but defection is privately optimal against either rival
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Firm 2

C D

Firm 1 C R, R S, T

D T , S P , P

Table 1 Baseline expected per-customer payoff matrix without platform intervention. The first entry is firm 1’s payoff

and the second entry is firm 2’s payoff.

action. The model therefore captures the basic tension between a jointly attractive cooperative outcome

and individual incentives to choose the more competitive action.

3.1. Platform Intervention

Platforms have both economic and governance reasons to shape seller behavior without directly setting

prices or prescribing actions. High prices, low service quality, or poor fulfillment can reduce consumer

surplus, weaken trust in the marketplace, lower repeat traffic, and increase regulatory scrutiny. Because

platforms often earn revenue from transactions, advertising, subscriptions, or long-run consumer partici-

pation, they may benefit from maintaining a competitive and reliable marketplace even when individual

sellers prefer less consumer-friendly actions.

A platform can therefore use demand-steering tools to reward more competitive offers. It can rank

lower-priced offers more prominently in search results, allocate a buy box or featured offer more often

to sellers with lower effective prices or better fulfillment quality, adjust recommendation rules, or modify

featured-placement criteria. These tools shift consumer attention and demand, and therefore change the

payoff feedback received by sellers’ learning algorithms. Such mechanisms are common in platform markets

and have been studied in search design, recommendations, platform governance, and algorithmic pricing

(de Cornière and Taylor 2019, Dinerstein et al. 2018, Teh 2022, Johnson et al. 2023). For example, Amazon’s

Featured Offer mechanism conditions prominence on attributes related to customer experience, including

total price and fulfillment (Amazon Seller Central 2026).

In our setting, the platform intervention favors the consumer-friendly action D relative to the less

consumer-friendly action C. We represent the strength of this demand-allocation policy in period k by a

nonnegative intervention level δk. A larger δk corresponds to a stronger reallocation of exposure toward

sellers choosing D. We impose δk ∈ [0, S] so that all possible payoffs remain nonnegative.

Under intervention, the expected per-customer payoff matrix is given in Table 2. When one firm chooses

D and the other chooses C, the firm choosing D receives additional exposure while the firm choosing C

loses exposure. This induces the payoff adjustments T 7→ T + δk and S 7→ S − δk. For any δk ∈ [0, S], the

adjusted payoffs satisfy

T + δk >R>P >S− δk,

so the intervention changes the payoff feedback that drives learning while preserving the Prisoner’s

Dilemma ordering. We interpret δk as a reduced-form per-customer expected payoff wedge induced by
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Firm 2

C D

Firm 1 C R, R S− δk, T + δk

D T + δk, S− δk P , P

Table 2 Expected per-customer payoff matrix in period k under platform intervention. The first entry is firm 1’s payoff

and the second entry is firm 2’s payoff.

the platform’s allocation rule. It may reflect changes in exposure, demand, or conversion probabilities.

Importantly, the intervention does not require the platform to observe latent payoffs or learning states; it

depends only on observable seller choices and can be implemented through standard ranking or allocation

rules. This reduced-form specification keeps the intervention analytically tractable while retaining the key

economic effect: demand is shifted toward the more consumer-friendly action.

The intervention level evolves according to

δk+1 = δk + I(k, δk)∆, (1)

where I(k, δk) denotes the intervention speed in period k. The level δk determines the intensity of inter-

vention, while I(k, δk) determines the speed of implementation. Large positive values of I(k, δk) represent

abrupt increases in intervention; small positive values represent gradual implementation. We assume the

path remains admissible so that δk ∈ [0, S] for all k.

For a cooperation-probability profile a= (a1, a2) and intervention level δ, let

ri(a, δ) =
(
riC(a, δ), r

i
D(a, δ)

)
∈R2

denote firm i’s random per-customer payoff-feedback vector. For i, j ∈ {1,2} and i ̸= j,

E
[
riC(a, δ)

]
=Raj +(S− δ)(1− aj), E

[
riD(a, δ)

]
= (T + δ)aj +P (1− aj). (2)

Thus, the per-customer cooperation-minus-defection expected payoff difference is

E
[
riC(a, δ)

]
−E

[
riD(a, δ)

]
=Aaj +B− δ, where A := (R−T )− (S−P ) and B := S−P .

3.2. Learning Algorithms

Firms are not assumed to play equilibrium strategies of the repeated game. Instead, each firm delegates

decisions to a value-based learning rule that we call a Q-value Reinforcer (Banchio and Mantegazza

2024). The algorithm maintains one value, or score, for each action. Firm i’s state at decision epoch k is

sik = (Qi
C,k,Q

i
D,k),

where Qi
b,k is the current estimated discounted value of action b∈ {C,D}. The current Q-values determine

the firm’s mixed action

pi
k =π(sik) =

(
πC(s

i
k),1−πC(s

i
k)
)
= (ai

k,1− ai
k).

The Q-value Reinforcer is memoryless: its current behavior depends only on its current Q-values, not

on an explicit history of past play, observed rival histories, or a separate market state. This restriction
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is useful for our purposes because it removes the standard repeated-game channel of history-dependent

rewards and punishments. Any persistent cooperation in the model must therefore arise from the learning

dynamics themselves rather than from a designed contingent strategy.

Let rik = (riC,k, r
i
D,k) denote the observed normalized payoff-feedback vector realized by firm i in period

k.1 Suppressing firm and time superscripts, let 12 denote the two-dimensional vector of ones and define

max−⇀{s} :=max{QC,QD}12.

The algorithm updates its Q-values toward the Bellman-like target

TQR(s,r) = r+ γ max−⇀{s}, (3)

where γ ∈ [0,1) is a discount factor. Equivalently, TQR,b(s,r) = rb + γmax{QC,QD} for b∈ {C,D}.
The state update is

sik+1 = sik +α(sik)⊙
[
TQR(s

i
k,r

i
k)− sik

]
, (4)

where ⊙ denotes the Hadamard product and α(sik) is the component-wise learning-rate vector defined

below. Thus, each Q-value moves part of the way toward its current payoff-plus-continuation target.

Remark 1 The term Q-value Reinforcer is used to describe the reduced-form value-based updating rule

rather than a full state-space implementation of tabular Q-learning. The algorithm has no explicit state and

no history-dependent strategy; it updates two action values using payoff feedback. This specification isolates

the feedback loop between current action values, randomized behavior, payoff observations, and subsequent

value updates.

Given a state s= (QC,QD), the firm’s probability of cooperation is the piecewise-linear ϵ-greedy response

πC(s) =Mϵ,τ (s) :=


ϵ, if QC −QD ≤−∆ϵ,τ ,

τ(QC −QD)+
1
2
, if |QC −QD|<∆ϵ,τ ,

1− ϵ, if QC −QD ≥∆ϵ,τ ,

where ∆ϵ,τ :=
1−2ϵ
2τ

. (5)

Here ϵ∈ (0,1/2) is the minimum exploration probability and τ > 0 is the policy’s responsiveness parameter:

larger values make the action probability more responsive to Q-value differences. The threshold ∆ϵ,τ is the

Q-value gap at which the policy saturates. In particular, when |QC −QD| ≥∆ϵ,τ , the higher-valued action

is chosen with probability 1− ϵ and the other action with probability ϵ. Within the linear region, small

changes in the Q-value difference translate smoothly into changes in the probability of cooperation. When

no confusion arises, we write M(s) for Mϵ,τ (s), so that π(s) = (M(s),1−M(s)).

Remark 2 (Softmax interpretation) The policy map M in (5) can be viewed as a piecewise-linear

local approximation to a softmax choice rule. The canonical softmax probability of choosing action C takes

the form

Msm(s) =
exp{βQC}

exp{βQC}+exp{βQD}
=

1

1+exp{−β(QC −QD)}
,

1 If action b is not taken by firm i in period k, no payoff feedback for that action is observed, and the b-component of the
Q-value update is skipped. The frequency-weighted learning rates introduced below give the corresponding expected update
after averaging over the mixed action.
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for some softmax sensitivity parameter β > 0.

Around QC−QD = 0, this sigmoid is approximately linear with slope β/4. After setting the responsiveness

parameter τ = β/4, the map in (5) keeps this local slope and caps the tails at ϵ and 1−ϵ, yielding a tractable

soft ϵ-greedy rule with explicit exploration bounds.

Finally, learning rates depend on the action probabilities induced by current Q-values. Since a period

may contain several consumer arrivals, an action assigned a higher probability is expected to be taken

more often and to generate more payoff feedback. We capture this frequency effect by defining

α(s) = απ(s)θ, (6)

where α∈ (0,1] and θ≥ 0 is applied component-wise. Thus

π(s)θ =
(
πC(s)

θ, (1−πC(s))
θ
)
, π(s)0 ≡ (1,1).

For θ > 0, the update rate of each Q-value is increasing in the probability assigned to the corresponding

action; larger values of θ make update rates more sensitive to play frequencies. The case θ = 0 gives a

constant learning-rate vector. The case θ = 1 corresponds, in expectation, to the usual asynchronous Q-

learning frequency weighting: an action’s Q-value is updated at a rate proportional to how often that action

is taken. This formulation captures action-dependent feedback frequency without adding state variables,

thus keeping the subsequent dynamical-system analysis tractable.

3.3. Fluid Approximation

We analyze the learning dynamics through a continuous-time fluid approximation of the discrete-time

updating process. Embed the model in a sequence indexed by the period length ∆ > 0 and scale the

learning rate as

α∆(s) =α(s)∆. (7)

Let s∆k , δ
∆
k , p

∆
k = π(s∆k ), and r∆k denote the state, intervention level, mixed action, and payoff-feedback

vector. The period-normalized update has average drift

H(s, δ) :=Eδ [α(s)⊙ (TQR(s,r)− s)] ,

where the expectation is over payoff realizations and the action randomization induced by p=π(s), with

the payoff-feedback distribution evaluated at intervention level δ. Under the boundedness and regularity

conditions stated in Appendix C, standard stochastic-approximation arguments imply that, as ∆ ↓ 0, the
piecewise-linear interpolation of the discrete-time process converges weakly on finite time horizons to the

ODE

ṡt =H(st, δt), s(0) = s0. (8)

Appendix C provides the formal derivation, including the treatment of the piecewise-smooth drift.

We interpret (8) as the mean-field, or fluid, approximation of the learning process. When decision periods

are short and updates are small, random payoff and action fluctuations average out, and the system follows

a deterministic drift. The ODE is therefore not meant to replace the underlying discrete algorithm, but

to describe its average motion under small updates. The stability and bifurcation analysis below is based

on this ODE representation.
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3.4. Fluid Dynamics of Q-Value Reinforcer Algorithms

We now derive the drift for Q-value Reinforcer algorithms. Let s= (s1, s2), where si = (Qi
C
,Qi

D
) is firm i’s

internal state, and let π(s) = (π(s1),π(s2)) be the mixed strategy profile. Combining (1)–(8), the Q-value

dynamics are, for i= 1,2,

dsit
dt

=Hi
(st, δt) = απ(sit)

θ ⊙
(
E[ri(π(st), δt)]+ γ max−⇀{sit}− sit

)
, (Q-Learner Update)

π(sit) =
(
M(sit),1−M(sit)

)
, (Action Update)

dδt
dt

= I(t, δt) (Intervention Policy)

where the dependence on the intervention level δt is now explicit. The Q-Learner Update moves each

firm’s Q-values toward the corresponding Bellman-like target, the Action Update maps Q-values into

mixed actions, and the Intervention Policy specifies the law of motion for the platform’s intervention level.

Together, these equations define a closed-loop dynamical system for (st, δt).

This representation separates learning, choice, and platform control: the Q-Learner Update evolves

internal scores, the Action Update maps scores into observable behavior, and the Intervention Policy

governs the platform’s payoff wedge.

It is useful to express the system directly in terms of Q-values. Denote the firms’ cooperation probabilities(
π1

C
(s1t ),π

2
C
(s2t )

)
by (xt, yt). Then, for Q(t) = (Q1

C
(t),Q1

D
(t),Q2

C
(t),Q2

D
(t)), (Q-Learner Update) becomes

dQ1
C
(t)

dt
= αxθ

t

(
ytR+(1− yt)(S− δt)+ γmax{Q1

C
(t),Q1

D
(t)}−Q1

C
(t)

)
,

dQ1
D
(t)

dt
= α(1−xt)

θ
(
yt(T + δt)+ (1− yt)P + γmax{Q1

C
(t),Q1

D
(t)}−Q1

D
(t)

)
,

dQ2
C
(t)

dt
= αyθ

t

(
xtR+(1−xt)(S− δt)+ γmax{Q2

C
(t),Q2

D
(t)}−Q2

C
(t)

)
,

dQ2
D
(t)

dt
= α(1− yt)

θ
(
xt(T + δt)+ (1−xt)P + γmax{Q2

C
(t),Q2

D
(t)}−Q2

D
(t)

)
.

(9)

Using (5), the action update is

x(t) =min
{
1− ϵ, max

{
ϵ, 1

2
+ τ(Q1

C
(t)−Q1

D
(t))

}}
,

y(t) =min
{
1− ϵ, max

{
ϵ, 1

2
+ τ(Q2

C
(t)−Q2

D
(t))

}}
.

(10)

For future reference, we combine (9) and (10) and write the system as

Q̇t = F(Qt, δt), (11)

where F incorporates the action probabilities in (10) and the payoff effects of intervention. We use (11) both

as a frozen-δ system for studying intervention intensity and as a time-varying system, with δ̇t = I(t, δt), for

studying whether the learning state can track stable fixed points as the platform moves the intervention

level.

3.5. Defining and Measuring Algorithmic Collusion

We conclude by clarifying what we mean by algorithmic collusion in this model. In both legal and economic

usage, collusion is typically associated with coordination among distinct decision makers. From a legal
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perspective, the canonical concern is an agreement or mutual understanding among competitors that

restricts competition, such as price fixing, bid rigging, or market allocation. From an economic perspective,

collusion is often modeled as coordination that generates supra-competitive outcomes and is sustained

by intertemporal incentives: firms refrain from the one-shot dominant action because deviations trigger

future punishments or the loss of future cooperative rents (Fudenberg and Maskin 1986, Harrington 2019,

OECD Competition Committee Secretariat 2017). Thus, collusion is not merely the observation of frequent

cooperation; it is usually associated with a strategic arrangement in which agents understand that current

conduct affects rivals’ future behavior.

Our setting calls for a different, outcome-based interpretation. The algorithms we study do not com-

municate, explicitly model rivals, condition on market histories, or contain a state variable through which

current actions can be used to trigger future rewards or punishments. Each algorithm updates Q-values

from payoff feedback and maps those values into actions through a fixed response rule. As a result, algo-

rithmic collusion in our model is not a strategic commitment to coordinate away from the dominant action

of defection. It is a property of the market outcomes generated by learning algorithms.

We operationalize this idea using the firms’ cooperation probabilities. If both algorithms assign coop-

eration only because of forced exploration, then xt = yt = ϵ, and the probability that both firms assign C

to a given consumer arrival is ϵ2. We report the square root of the resulting normalized joint-cooperation

probability:

C(t) :=
√
xtyt

ϵ
. (Normalized Collusion Measure)

Equivalently, C(t)2 = xtyt/ϵ
2 is the probability of mutual cooperation normalized by the forced-exploration

benchmark. The square-root normalization makes C(t) a per-firm cooperation-level measure: in the sym-

metric case, where xt = yt, it reduces to C(t) = xt/ϵ. Thus, C(t) = 1 corresponds to the forced-exploration

benchmark, while C(t)> 1 indicates cooperation probabilities above that benchmark. Since xt, yt ∈ [ϵ,1−ϵ],

the measure satisfies C(t) ∈ [1, (1− ϵ)/ϵ]. At a stable fixed point (x∗, y∗), the long-run collusion level is

C∗ =
√
x∗y∗/ϵ; for non-convergent dynamics, such as limit cycles, the analogous object is the long-run time

average of C(t). Because the measure is normalized by ϵ, it is a relative measure of cooperation, not an

absolute measure of welfare loss or price increases.

This definition differs from reward-and-punishment mechanisms studied in some Q-learning models. In

Calvano et al. (2020), high-price outcomes can be supported by market-history states: a deviation changes

the state reached in subsequent periods, and the rival’s learned policy may prescribe lower prices before the

system returns to the high-price path. Because Q-values include discounted continuation payoffs, the short-

run gain from deviation can be offset by future losses. Our algorithms do not have such history-dependent

states, so the mechanism is different.

Our definition also differs from Q-value-based criteria such as Banchio and Mantegazza (2024), under

which an algorithm is non-collusive once it has learned that defection has a higher value than cooperation,

i.e., QD > QC. In an ϵ-greedy environment, however, internal Q-values need not coincide with realized
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actions. An algorithm may rank defection above cooperation and still choose cooperation with probability

above ϵ if the Q-value gap is not large enough to saturate the response rule. Measuring collusion through

C(t) therefore aligns the definition with observable behavior rather than internal (normally unobservable)

scores alone.

Taken together, these distinctions clarify the role of C(t). The measure does not assert the existence of

an agreement, a punishment scheme, or a legal violation. It records supra-exploratory cooperative behavior

generated by the learning dynamics. This is the outcome-based sense in which we use the term algorithmic

collusion in the analysis below.

4. Roadmap of Analysis and Main Results

Before turning to the formal analysis, we provide a roadmap of the main results and the logic connecting

them. As described in Section 3, the analysis has two linked components:

Q̇t = F(Qt, δt) and δ̇t = I(t, δt).

The first equation describes the Q-value Reinforcer dynamics under a given intervention level; the

second describes the platform’s implementation path. The platform’s problem is therefore not only to

choose a target intervention level δ∗, but also to reach that target without pushing the inherited Q-values

into a region with different long-run behavior.

Section 5 studies the Q-value dynamics under a fixed intervention level, δt = δ. We first establish bound-

edness and the existence of a compact global attractor (Propositions 1–2), so the long-run analysis is

well posed. We then characterize the symmetric interior fixed point induced by a fixed intervention level

(Proposition 3). Existence of a fixed point, however, is not the same as convergence to that point: the same

fixed intervention level can support a locally stable fixed point and nearby oscillating behavior. Figure 1

illustrates this distinction, and Theorem 1 gives the local stability condition.

Section 6 treats δ as a moving parameter. Stronger intervention lowers the equilibrium cooperation

probability a∗(δ), but it can also reduce the local stability margin. Proposition 4 shows that, along the

symmetric interior branch, there is at most one threshold δc at which local stability changes. At such a

threshold the loss of stability occurs through an oscillatory Hopf mode. In the subcritical case, the fixed

point may remain locally stable for δ < δc and the local basin around it shrinks; Proposition 6 makes this

basin geometry explicit.

Section 7 returns to the full control problem with a time-varying intervention path. The key implication

of the Hopf analysis is that a target δ∗ < δc may be locally stable and still be risky if implemented abruptly,

because the learning state may fail to remain inside the moving basin of attraction. Proposition 7 gives a

sufficient local bound on implementation speed, and Corollary 1 converts this bound into a rollout-time

lower bound. Thus intervention levels and implementation speed are distinct policy instruments: the target

level determines post-intervention payoffs and the local stability margin, while the path δt determines

whether the learning dynamics track the moving fixed point as those payoffs are introduced.
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5. Equilibrium and Stability with a Constant Intervention Level

We first analyze the Q-value dynamics in (11) under a fixed intervention level δ, or equivalently with

I(t, δ) = 0. The no-intervention benchmark is obtained by setting δ = 0. Time-varying interventions are

studied later in Section 7.

The section proceeds in four steps. We first show that all trajectories are globally bounded and eventually

enter a compact attracting set. We then characterize the fixed points and the cooperation probabilities they

induce. Next, we use the constant-learning-rate case, i.e. θ= 0 in (6), to illustrate the feedback structure of

the dynamics. Finally, we study local stability of the symmetric interior equilibrium. The main distinction

is that the responsiveness parameter τ determines the location and structure of fixed points, whereas the

learning-rate sensitivity parameter θ affects their stability but not their location. The baseline learning

rate α rescales time in the fixed-δ system: it changes the speed of motion along ODE trajectories, but not

the fixed points or the signs of their local stability eigenvalues. The role of α becomes central again when

we study time-varying interventions in Section 7.

5.1. Global Boundedness and the Global Attractor

Before characterizing particular outcomes, we establish that the fixed-δ system is point dissipative.

Proposition 1 (Point Dissipativity) Fix δ ∈ [0, S]. The set

Ωδ :=

{
Q∈R4 : ∥Q∥∞ ≤ T + δ

1− γ

}
is positively invariant and absorbing for the dynamical system defined by (11) with this fixed intervention

level. That is, if Q(0) ∈ Ωδ, then Q(t) ∈ Ωδ for all t ≥ 0; and for any initial condition Q(0) ∈ R4, there

exists a time t0 such that Q(t)∈Ωδ for all t≥ t0.

The bound follows from bounded stage payoffs and discounting. Since the largest possible stage payoff

is T + δ, any sufficiently large Q-value has a Bellman target below its current value and therefore drifts

downward; sufficiently negative Q-values drift upward. Proposition 1 implies that instability in this model

cannot take the form of exploding Q-values.

The next result collects all possible long-run behavior in a compact invariant set. A global attractor

need not be a single equilibrium. It may contain multiple stable fixed points, periodic orbits, or other

bounded recurrent dynamics.

Proposition 2 (Existence of a Global Attractor) For each fixed δ ∈ [0, S], the dynamical system

defined by (11) has a global attractor Aδ ⊂Ωδ ⊂R4.

To interpret the attracting dynamics, it is useful to introduce two pairs of coordinates. The firms’

cooperation–defection Q-value gaps are

∆1(t) :=Q1
C
(t)−Q1

D
(t), ∆2(t) :=Q2

C
(t)−Q2

D
(t), (Q-Value Gaps)
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and the inter-firm Q-value differences are

v1(t) :=Q1
C
(t)−Q2

C
(t), v2(t) :=Q1

D
(t)−Q2

D
(t). (Antisymmetric Differences)

The gaps (∆1,∆2) determine each firm’s action probabilities according to the ϵ-greedy rule in (5) and are

therefore the natural coordinates for fixed-point analysis. The variables (v1, v2) are the raw antisymmetric

difference variables between firms. At a Hopf point, the critical eigenspace lies in this antisymmetric plane;

Section 6 introduces the corresponding local Hopf coordinates.

Figure 1 illustrates this point for the baseline parameters. Under the same fixed intervention level,

different initial Q-values can converge either to a stable symmetric fixed point or to a stable limit cycle.

The main analysis below therefore separates fixed-point existence from local stability and basin geometry.

Coexistence of a Stable Fixed Point and a Stable Limit Cycle
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Figure 1 Bistability under a fixed intervention level. One trajectory converges to the stable symmetric fixed point, while

another converges to a stable limit cycle.

We next characterize the fixed points contained in Aδ and then study their stability.

5.2. Equilibria

We classify fixed points by the cooperation probabilities induced by the policy map. Interior fixed points

correspond to cooperation above the forced-exploration level. Mutual-boundary fixed points correspond to

the non-collusive benchmark, in which both firms cooperate only through forced exploration. One-sided-

boundary fixed points place one firm at the forced-exploration lower bound and the other in the interior

of the policy map.

Definition 1 Fix δ ∈ [0, S]. A fixed point of the dynamical system Q̇t = F(Qt, δ) is a vector Q∗(δ) =

(Q1∗
C
,Q1∗

D
,Q2∗

C
,Q2∗

D
) ∈ R4 such that F(Q∗(δ), δ) = 0. Let x∗(δ) = M(Q1∗

C
,Q1∗

D
) and y∗(δ) = M(Q2∗

C
,Q2∗

D
)

denote the induced cooperation probabilities. We say that Q∗(δ) is an interior fixed point, or collusive

outcome, if x∗(δ), y∗(δ) ∈ (ϵ,1− ϵ). It is a one-sided-boundary fixed point, or partially-collusive outcome,

if either x∗(δ) = ϵ and y∗(δ)> ϵ, or y∗(δ) = ϵ and x∗(δ)> ϵ. It is a mutual-boundary fixed point, or non-

collusive outcome, if x∗(δ) = y∗(δ) = ϵ.
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We first record a useful property of all fixed points.

Lemma 1 At any fixed point Q∗, the Q-value for defection strictly exceeds the Q-value for cooperation:

Qi∗
D
>Qi∗

C
for i= 1,2.

This ranking reflects the Prisoner’s Dilemma payoff structure: defection is the dominant action. Impor-

tantly, however, Qi∗
D
>Qi∗

C
does not imply that firm i cooperates only with probability ϵ. If the Q-value

gap is not large enough to saturate the policy map, the algorithm can still assign cooperation an interior

probability.

At a fixed point, the right-hand side of each equation in (9) is zero. Because ϵ > 0, every action is

chosen with positive probability under the policy map, so each component of the learning-rate vector

α(s) = απ(s)θ is strictly positive. Hence each Q-value must equal its payoff-plus-continuation target:

Qi∗
b =E[rib(π(s∗), δ)]+ γmax{Qi∗

C
,Qi∗

D
}, b∈ {C,D}, i= 1,2.

Thus the parameters α and θ do not enter the fixed-point equations; they affect the speed and local

stability of the dynamics, but not the location of fixed points.

By Lemma 1, the maximum in the continuation term is Qi∗
D

for each firm. Subtracting the defection

equation from the cooperation equation for each firm gives

∆∗
1 =Ay∗ +B− δ, ∆∗

2 =Ax∗ +B− δ.

Moreover, Lemma 1 implies ∆∗
i < 0, so the upper cooperation cap 1− ϵ in (10) cannot bind. The only

possible policy boundary is therefore the forced-exploration lower bound ϵ. Combining these observations,

any fixed point can be characterized by cooperation probabilities (x∗, y∗) and Q-value gaps (∆∗
1,∆

∗
2)

satisfying

Ay∗ +B− δ−∆∗
1 = 0, x∗ = ϵ+

(
1
2
+ τ∆∗

1 − ϵ
)+

,

Ax∗ +B− δ−∆∗
2 = 0, y∗ = ϵ+

(
1
2
+ τ∆∗

2 − ϵ
)+

,
(Equilibrium Conditions)

where z+ :=max{z,0}, A= (P −S)− (T −R), and B = S−P , as defined in Section 3.1.

To streamline the presentation, we restrict the main analysis to parameter instances satisfying the

conditions in Assumption 1 below. Under this assumption, all fixed points satisfying the equilibrium

conditions are interior. This restriction isolates the stability question that is central to the paper: how the

local stability of a collusive outcome changes as the platform varies the intervention level. For completeness,

Appendix D characterizes the fixed-point set in the general case, including cases in which the assumption

is not satisfied.

Define the policy-saturation threshold

τϵ(δ) :=
1/2− ϵ

δ−Aϵ−B
=

1/2− ϵ

δ+(1− ϵ)(P −S)+ ϵ(T −R)
. (Policy-Saturation Threshold)

The denominator is strictly positive under the Prisoner’s Dilemma ordering, so τϵ(δ)> 0. This is the value

of the greediness parameter at which the symmetric interior fixed point reaches the forced-exploration

boundary.
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Assumption 1 There exists a nonempty interval I ⊆ [0, S] such that, for every δ ∈ I,

0< τ < τϵ(δ) and |Aτ |< 1.

The first inequality keeps the symmetric fixed point away from the forced-exploration boundary, while the

second rules out degeneracy in the linear fixed-point equations.

Proposition 3 (Symmetric interior fixed point) Suppose Assumption 1 holds. Then, for every δ ∈ I,

the equilibrium conditions reduce to

∆∗
1 =Ay∗ +B− δ, x∗ =

1

2
+ τ∆∗

1,

∆∗
2 =Ax∗ +B− δ, y∗ =

1

2
+ τ∆∗

2.

The system admits a unique fixed point, which is symmetric and interior, with x∗(δ) = y∗(δ) = a∗(δ) and

∆∗
1(δ) =∆∗

2(δ) =∆∗(δ), where

a∗(δ) =
1+2τ(B− δ)

2(1−Aτ)
and ∆∗(δ) =Aa∗(δ)+B− δ < 0.

Equivalently,

Q∗(δ) =
(
Q∗

C
(δ),Q∗

D
(δ),Q∗

C
(δ),Q∗

D
(δ)

)
,

where

Q∗
D
(δ) =

a∗(δ)(T + δ)+ (1− a∗(δ))P

1− γ
, Q∗

C
(δ) = a∗(δ)R+(1− a∗(δ))(S− δ)+ γQ∗

D
(δ).

Proposition 3 shows that the Q-value Reinforcer dynamics admit a stationary outcome with cooperation

above the forced-exploration benchmark even though defection receives the higher Q-value at the fixed

point. Under Assumption 1, the fixed-point collusion level is C∗(δ) = a∗(δ)
ϵ

> 1. Whether this stationary

outcome attracts nearby learning trajectories is a stability question studied below.

The intervention level shifts this fixed point in the intended direction. Because |Aτ |< 1, the denominator

in a∗(δ) is positive, and
∂a∗(δ)

∂δ
=− τ

1−Aτ
< 0.

Thus, stronger intervention lowers equilibrium cooperation. The responsiveness parameter has a similar

effect within the interior symmetric regime:

∂a∗(δ)

∂τ
=

B− δ+A/2

(1−Aτ)2
≤ 0,

where the inequality follows from the Prisoner’s Dilemma payoff ordering and δ≥ 0. Hence greater policy

responsiveness weakly decreases the symmetric equilibrium level of cooperation.

5.3. A Constant Learning Rate Benchmark

The case θ= 0 provides a simple benchmark for visualizing the feedback between Q-value gaps and actions.

Since all Q-values are updated at the common rate α, subtracting the defection-value equation from the
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cooperation-value equation in (9) eliminates the continuation term and gives the two-dimensional gap

dynamics

d∆1(t)

dt
= α [Ayt +B− δ−∆1(t)]

d∆2(t)

dt
= α [Axt +B− δ−∆2(t)]

xt =min
{
1− ϵ, ϵ+

(
1
2
+ τ∆1(t)− ϵ

)+}
yt =min

{
1− ϵ, ϵ+

(
1
2
+ τ∆2(t)− ϵ

)+}
.

(12)

Thus, when θ = 0, the action-relevant state is (∆1,∆2); the absolute Q-value levels affect neither current

actions nor the gap dynamics. The benchmark makes clear that limited responsiveness can stabilize a

symmetric interior fixed point, while the general fixed-point analysis in Appendix D describes how higher

responsiveness can introduce asymmetric fixed points. Figure 2 illustrates the constant-learning-rate bench-

mark in a low-responsiveness regime satisfying Assumption 1, with τ = 0.5< τ0 =−1/A. Relative to the

baseline, this figure sets δ = 0, θ = 0, and α = 1. The dashed curves are the zero-drift loci ∆̇1 = 0 and

∆̇2 = 0; their intersections are the stationary points of (12). The shaded regions identify states in which

one or both firms are at the forced-exploration lower bound.
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Example 1 Consider the parameter instance in Figure 2. The symmetric equilibrium lies in the linear

region of the policy map, so ∆∗ =Ax∗+B and x∗ = 1/2+ τ∆∗. Solving gives x∗ = y∗ = 2/7≈ 0.286. Hence

the probability of mutual cooperation is x∗y∗ = 4/49 ≈ 0.0816, while the forced-exploration benchmark is

ϵ2 = 10−4. The relative collusion level is

C∗ =

√
x∗y∗

ϵ
=

2/7

0.01
≈ 28.6.
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Thus, in per-firm equivalent terms, cooperation occurs at about 28.6 times the forced-exploration benchmark.

For comparison, if firm 2 always selects the dominant action except for forced exploration, so y(t) = ϵ,

firm 1’s limiting gap is ∆∗
1 =Aϵ+B =−0.208, which implies x∗ = 1/2+τ∆∗

1 = 0.396. The relative collusion

level is then

C∗ =

√
x∗

ϵ
≈ 6.3.

The high value of C∗ in the two-learner case therefore reflects two-sided cooperation generated by the

interaction between the learning algorithms.

5.4. Stability

The equilibrium characterization in Proposition 3 is independent of the learning-rate sensitivity parameter

θ. Indeed, θ enters the Q-value dynamics only through the positive learning-rate multipliers, and therefore

does not change the fixed-point equations. Its role is instead dynamic: it determines whether the learning

dynamics converge locally to a given equilibrium.

Under the conditions in Assumption 1, the stability analysis of the unique symmetric fixed point char-

acterized in Proposition 3 is directly determined by the stability margin

Ψθ(x, δ) :=C2(δ)(1−x)θ −C1(δ)x
θ, (Stability Margin)

where C1(δ) := 1+ τ(R−S+ δ) and C2(δ) := τ(T −P + δ)− (1− γ).

Evaluated at the symmetric interior equilibrium x= a∗(δ), the margin Ψθ(a
∗(δ), δ) is the trace of the

antisymmetric Jacobian block, normalized by the learning-rate α. This block describes perturbations in

which the firms’ Q-values move in opposite directions. Under Assumption 1, the symmetric block remains

locally stable, so loss of local stability can occur only through this antisymmetric block. Thus Ψθ < 0 means

that antisymmetric perturbations decay toward zero, Ψθ = 0 marks the stability boundary, and Ψθ > 0

means that the equilibrium is locally unstable in the antisymmetric direction. Thus, Ψθ can be interpreted

as the equilibrium’s local stability margin.

Theorem 1 (Stability of symmetric interior equilibrium) Fix δ ∈ I and suppose Assumption 1

holds. Let Q∗(δ) denote the symmetric interior equilibrium in Proposition 3, with x∗(δ) = y∗(δ) = a∗(δ).

Then the local stability of Q∗(δ) is determined by the sign of Ψθ(a
∗(δ), δ). If Ψθ(a

∗(δ), δ)< 0, then Q∗(δ)

is locally asymptotically stable. If Ψθ(a
∗(δ), δ)> 0, then Q∗(δ) is unstable.

Equivalently, if C2(δ)≤ 0, then Q∗(δ) is locally asymptotically stable for all θ≥ 0. If C2(δ)> 0, define

θc(δ) :=
logC1(δ)− logC2(δ)

log(1− a∗(δ))− log(a∗(δ))
.

Then Q∗(δ) is locally asymptotically stable for θ < θc(δ) and unstable for θ > θc(δ).

Theorem 1 isolates the stability role of θ. At the symmetric equilibrium, the effective learning rates for

cooperation and defection are proportional to (a∗)θ and (1−a∗)θ. Since a∗ < 1/2, defection is chosen more

often than cooperation, and the relative update speed ((1− a∗)/a∗)θ increases with θ. Larger θ therefore

makes the defection value update increasingly faster than the cooperation value.
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This relative-speed effect is the source of instability. When θ is small, the two Q-values adjust at

sufficiently balanced rates. When θ is large, one component tracks its moving payoff target much faster

than the other, which can amplify fluctuations in the Q-value gap and destabilize the policy response.

Thus, θ affects collusion not by changing the equilibrium cooperation level, but by determining whether

learning converges to that equilibrium. The theorem does not classify nonlinear stability at the boundary

θ= θc(δ).

Example 2 Consider the baseline payoff and learning parameters. The symmetric interior equilibrium is

x∗ = y∗ = 2/7, as before; changing θ does not change this equilibrium, only its stability.

For these parameters, C1(0) = 1+ τ(R−S) = 23/20 and C2(0) = τ(T −P )− (1− γ) = 3/20. Therefore,

θc(0) =
log(23/3)

log(5/2)
≈ 2.223.

The symmetric interior equilibrium is locally asymptotically stable for 0≤ θ < θc(0) and unstable for θ >

θc(0). Thus θ= 1 yields a stable equilibrium, while θ= 3 destabilizes the same equilibrium.

For comparison, suppose firm 2 fixes its cooperation probability at yt = ϵ. Firm 1’s limiting Q-value gap

is then ∆∗
1 =Aϵ+B =−0.208, which implies x∗ = 1/2+ τ∆∗

1 = 0.396 and C∗ =
√

x∗/ϵ≈ 6.3. Around this

one-learner equilibrium, the relevant Jacobian with respect to (Q1
C
,Q1

D
) is

Jϵ = α

(
−(x∗)θ γ(x∗)θ

0 −(1− γ)(1−x∗)θ

)
.

Its eigenvalues are −α(x∗)θ and −α(1 − γ)(1 − x∗)θ, both strictly negative for every θ ≥ 0. Hence the

one-learner system is locally asymptotically stable for all θ≥ 0.

Example 2 shows that, in this comparison, the instability in Theorem 1 is not caused by the learning-

rate sensitivity parameter in isolation. When firm 2’s behavior is fixed, firm 1 learns in a stationary payoff

environment, so the one-learner dynamics remain locally stable for every θ ≥ 0. The destabilizing force

appears when both firms learn simultaneously: each firm’s action probabilities affect the payoff feedback,

learning rates, and future actions of the other. The parameter θ controls the strength of this endogenous

feedback.

6. Bifurcation Analysis

Theorem 1 shows that the symmetric interior fixed point can lose stability when learning rates become

sufficiently sensitive to action frequencies. We now show that platform intervention can create the same

type of instability. Increasing the intervention level δ reduces equilibrium cooperation, but it also changes

the local feedback loop through which the two algorithms learn. Thus, the platform must account not

only for where the intervention moves the equilibrium, but also for whether the learning dynamics remain

stable around that equilibrium.

We treat δ as a policy parameter in the Q-value Reinforcer dynamical system. The analysis isolates

three effects. First, increasing δ lowers the cooperation probability at the symmetric fixed point. Second, it
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can reduce the local stability margin of that fixed point. Third, near the stability threshold, it can shrink

the fixed point’s basin of attraction, making the outcome sensitive to implementation speed. We formalize

these effects using standard dynamical-systems concepts—fixed points, local stability, basins of attraction,

and Hopf bifurcations. Appendix E collects the relevant definitions and technical results, including the

center-manifold reduction and Hopf normal form used to characterize stability loss through an oscillatory

mode and the emergence of nearby limit cycles.

6.1. Intervention Intensity and the Stability Threshold

By Proposition 3, the symmetric interior fixed point satisfies

a∗(δ) =
1+2τ(B− δ)

2(1−Aτ)
,

da∗(δ)

dδ
=− τ

1−Aτ
< 0. (13)

Thus, as long as the fixed point remains interior, stronger intervention reduces equilibrium cooperation

and lowers the collusion measure C∗(δ) = a∗(δ)/ϵ. This is the intended static effect. The same intervention,

however, also affects stability. Recall from Section 5.4 that the relevant stability margin is

Ψθ(x, δ) =C2(δ)(1−x)θ −C1(δ)x
θ.

Along the symmetric fixed-point branch, define

Ψ∗
θ(δ) :=Ψθ(a

∗(δ), δ). (14)

By Theorem 1, the fixed point is locally asymptotically stable when if Ψ∗
θ(δ)< 0.

Proposition 4 (Intervention-induced stability crossing) Suppose Assumption 1 holds and 0< θ ≤
1. Then Ψ∗

θ(δ) is strictly increasing on I. Consequently, there is at most one threshold δc ∈ I such that

Ψ∗
θ(δc) = 0. If such a threshold exists, then Q∗(δ) is locally asymptotically stable for δ < δc and unstable

for δ > δc, for δ ∈ I. At δ= δc, the equilibrium is a Hopf point; if the first Lyapunov coefficient is nonzero,

the system undergoes a nondegenerate Hopf bifurcation there.2

The proposition identifies a tradeoff that a fixed-point comparison misses. Increasing δ moves the equi-

librium toward the non-collusive benchmark, but it also erodes the stability margin. Once δ= δc, the fixed

point loses stability through an oscillatory mode.

The learning-rate sensitivity parameter θ is essential for this effect. When θ= 0, cooperation and defec-

tion values are updated at the same rate and

Ψ∗
0(δ) =C2(δ)−C1(δ) =−(2− γ+Aτ),

which is independent of δ and strictly negative under Aτ >−1. Thus, intervention intensity alone cannot

generate this stability crossing in the constant-learning-rate benchmark. When θ > 0, intervention lowers

a∗(δ), increasing the imbalance between the effective update rates [a∗(δ)]θ and [1− a∗(δ)]θ. A sufficiently

large imbalance can destabilize the learning process.

2 The first Lyapunov coefficient is the leading nonlinear coefficient in the Hopf normal form. Its sign determines whether the
nearby periodic orbit is locally stable or unstable. See Appendix E.
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We illustrate the crossing using the baseline payoff and learning parameters; see Appendix G. For this

instance, δc ≃ 0.284. Figure 3 sets δ = 0.2 < δc in the left panel and δ = 0.3 > δc in the right panel. A

trajectory initialized near the symmetric fixed point converges in the left panel, but develops persistent

oscillations in the right panel. Appendix B.1 reports the corresponding discrete-time simulations.
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(a) δ= 0.2< δc: convergence to the stable fixed point.

0.0 0.5 1.0 1.5 2.0

Time (×105 iterations)

0.0

0.1

0.2

0.3

0.4

C
ol

lu
si

ve
L

ev
el

Player 1 (x)

Player 2 (y)

(b) δ= 0.3> δc: divergence from the unstable fixed point.

Figure 3 Cooperation probabilities under fixed intervention levels below and above the Hopf threshold. The two panels

use the same payoff and learning parameters; only the intervention level changes.

6.2. Local Stability and the Oscillatory Mode

We next explain why the stability loss takes the form of oscillations. The analysis starts from the bifurcation

pattern illustrated in Figure 3 and studies how it emerges from the Q-value Reinforcer dynamics. The

starting point is the local linearization of the system around the symmetric fixed point Q∗(δ). Recall from

Section 3.4 that the Q-value dynamics can be written as

Q̇t = F(Qt, δ).

Let Zt =Qt−Q∗(δ) denote a small perturbation around the symmetric fixed point. A first-order expansion

gives

Żt = J(δ)Zt + o(∥Zt∥), J(δ) :=DQF(Q∗(δ), δ).

The eigenvalues of the Jacobian matrix J(δ) determine the local behavior. Negative real parts imply local

convergence. A complex-conjugate pair crossing the imaginary axis as δ changes? implies that perturbations

neither simply grow nor decay monotonically; instead, the unstable direction is oscillatory.

Let

pδ = [a∗(δ)]θ, qδ = [1− a∗(δ)]θ, rδ =R−S+ δ, tδ = T −P + δ.

Since Qi∗
D
> Qi∗

C
at every fixed point by Lemma 1, the maximum operator in (9) is locally equal to Qi

D
.

Moreover, the Bellman residuals vanish at the fixed point. With the state ordered as (Q1
C
,Q1

D
,Q2

C
,Q2

D
), the

Jacobian has the block form

J(δ) =

(
U(δ) V(δ)
V(δ) U(δ)

)
, (15)
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where

U(δ) = α

(
−pδ γpδ
0 −(1− γ)qδ

)
, V(δ) = ατ

(
pδrδ −pδrδ
qδtδ −qδtδ

)
. (16)

This block symmetry separates perturbations into two modes. The matrix U+V governs symmetric

perturbations, in which the two firms’ Q-values move together. The matrix U−V governs antisymmetric

perturbations, in which one firm’s Q-values move against the other’s. Under Assumption 1, the symmetric

block remains locally stable. The stability-changing trace is instead

Tr(U−V) = αΨ∗
θ(δ). (17)

Thus, the intervention-induced stability loss occurs entirely through the antisymmetric mode: the two

firms’ Q-values begin to move out of phase. The trace and determinant sign checks are given in the proof

of Theorem 1.

At δ= δc, the critical eigenvalues of J(δc) are

λ±(δc) =±iωc, ωc := α
√

(1− γ)[a∗(δc)(1− a∗(δc))]θ(1+Aτ). (18)

Their common real part near the threshold is

aH(δ) := Reλ±(δ) =
α

2
Ψ∗

θ(δ).

Since (Ψ∗
θ)

′(δc)> 0, this real part crosses zero as δ increases.

The economic meaning of the critical mode is easiest to see in the antisymmetric difference coordinates

v1 =Q1
C
−Q2

C
, v2 =Q1

D
−Q2

D
.

At the Hopf point, the critical eigenspace lies in the subspace parameterized by (v1, v2). Hence the insta-

bility is not a common upward or downward movement of both firms’ Q-values. It is an oscillatory dis-

agreement between firms. The two remaining directions are locally stable, so the local motion can be

summarized by a two-dimensional center-manifold reduction. The next result records the reduced form;

Appendix B.3 gives the construction.

Proposition 5 (Local Hopf reduction) Suppose Assumption 1 holds and δc ∈ I satisfies Ψ∗
θ(δc) = 0

and (Ψ∗
θ)

′(δc) ̸= 0. Then, near Q∗(δc), the Q-value dynamics admit a two-dimensional center manifold

tangent to the antisymmetric directions (v1, v2). In normalized Hopf coordinates (h1, h2) = (r cosφ, r sinφ),

the oscillation amplitude r satisfies

ṙ= aH(δ)r+ ℓHr
3 +O(r5), aH(δ) =

α

2
Ψ∗

θ(δ),

where ℓH = ωcℓ1 and ℓ1 is the first Lyapunov coefficient. If ℓ1 < 0, the Hopf bifurcation is supercritical and

the small periodic orbit is locally stable. If ℓ1 > 0, the Hopf bifurcation is subcritical and the small periodic

orbit is locally unstable.
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6.3. Subcriticality and the Basin Boundary

The subcritical case in Proposition 5 is the important one for platform implementation. It means that the

fixed point can remain locally stable while its basin of attraction becomes small. Suppose the stable side

of the Hopf point is δ < δc. Then aH(δ) < 0, so Q∗(δ) is locally stable for δ just below δc. If ℓ1 > 0, an

unstable periodic orbit surrounds the fixed point on the center manifold and contracts toward it as δ ↑ δc.

Proposition 6 (Local basin geometry near a subcritical Hopf point) Suppose that Q∗(δc) under-

goes a nondegenerate subcritical Hopf bifurcation at δ= δc, with stable side δ < δc. Then there exists η > 0

such that, for every δ ∈ (δc − η, δc):

1. Q∗(δ) is locally asymptotically stable;

2. the local center manifold contains an unstable periodic orbit Γδ surrounding Q∗(δ), whose radius

satisfies

ρ2∗(δ) =−aH(δ)

ℓH
+O

(
aH(δ)

2
)
=−αΨ∗

θ(δ)

2ωcℓ1
+O

(
Ψ∗

θ(δ)
2
)
; (19)

3. on the center manifold, trajectories initialized sufficiently close to Q∗(δ) and inside Γδ converge to

the fixed point, whereas trajectories initialized just outside Γδ are repelled from it.

Equation (19) implies that ρ∗(δ)→ 0 as δ ↑ δc. Thus, below the Hopf threshold, the fixed point can be

locally stable but fragile: its local basin in the critical antisymmetric directions shrinks toward the fixed

point. The result is local. It identifies the inner unstable cycle that bounds the local basin on the center

manifold, but it does not determine the eventual attractor after that boundary is crossed.

Figure 4 illustrates this basin geometry for the baseline payoff and learning parameters, with fixed

intervention level δ = 0.265; see Appendix G. The computed first Lyapunov coefficient is positive, so the

Hopf bifurcation is subcritical. In normalized Hopf coordinates (h1, h2), the unstable periodic orbit is

locally circular; in the original antisymmetric coordinates (v1, v2), the same boundary appears elliptical.

Appendix B.3 reports the first-Lyapunov-coefficient computation and robustness checks.

7. Speed of Intervention

Section 6 studies intervention intensity by treating δ as a fixed policy parameter. We now turn to implemen-

tation speed: how quickly the platform moves from no intervention to a target level δ∗. In the continuous-

time approximation of (1), an intervention path satisfies

δ̇t = I(t, δt), δ(0) = 0, δ(T ) = δ∗, (20)

where [0,T ] is the implementation horizon. The target level δ∗ determines the payoff environment after

the policy is fully implemented. The function I determines the speed at which the platform moves the

learning process to that environment.

Two distinct speeds are therefore at play. The first is the internal adaptation speed of the learning

algorithms. For a fixed intervention level δ, local convergence toward Q∗(δ) is governed by the rate at

which perturbations are damped by the Q-value dynamics; near the Hopf threshold, this rate is

s(δ) =−aH(δ) =
α

2
[−Ψ∗

θ(δ)],
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Figure 4 Local basin geometry near a subcritical Hopf bifurcation. The shaded region is the local basin of attraction of

the stable fixed point, bounded on the center manifold by the unstable periodic orbit Γδ. In normalized Hopf

coordinates (h1, h2), the boundary has leading-order radius ρ∗(δ).

Thus α sets the overall learning time scale, while θ affects the stability margin through the relative

updating of cooperation and defection values. The second speed is the platform’s implementation speed,

I(t, δt), which moves the fixed point Q∗(δt) and changes the size of its basin of attraction. Stability during

implementation depends on the balance between these two speeds: the learning dynamics must pull the

Q-values toward the moving fixed point faster than the intervention moves the system away from it and

contracts its basin of attraction.

The speed question is most relevant when the target lies on the stable side of the Hopf threshold, δ∗ < δc.

In that case, if the platform were to hold δ = δ∗ fixed, the symmetric fixed point Q∗(δ∗) would be locally

asymptotically stable. Thus, the target itself is not locally destabilizing. Nevertheless, the path used to

reach it can matter. A sudden intervention can move the inherited Q-values outside the basin of attraction

of the new fixed point, whereas a gradual intervention can allow the learning state to track the moving fixed

point and remain inside its basin. If δ∗ > δc, by contrast, the target fixed point is already locally unstable

under the post-intervention environment, so slowing implementation cannot restore its local stability.

The key idea is therefore simple. As δ increases, the desired fixed point moves and, near a subcritical

Hopf bifurcation, its local basin of attraction shrinks. A safe implementation path must give the learning

algorithms enough time to adjust while this basin is moving and contracting.

7.1. Sudden vs. Gradual Implementation

Suppose the market is initially near the no-intervention fixed point Q∗(0). If the platform jumps immedi-

ately from 0 to δ∗, the payoff environment changes at once. The firms’ Q-values, however, do not jump:

they are internal learning states that adjust only through subsequent payoff feedback. Thus, after a sudden

intervention, the same Q-value vector is evaluated under a new vector field and relative to a new fixed

point Q∗(δ∗).
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This distinction matters in the bistable region identified in Section 6.3. There, the target fixed point

may be locally stable but surrounded by an unstable periodic orbit that forms the boundary of its local

basin of attraction. If the inherited Q-values lie inside this boundary, the learning dynamics return to the

fixed point. If they lie outside, the trajectory is repelled from the local neighborhood and may converge to

a stable oscillatory regime. Thus, the same target intervention level can generate convergence or persistent

oscillations depending on the path used to reach it.

A gradual intervention changes this geometry more slowly. As δt increases, the fixed point Q∗(δt) moves

and its local basin contracts. If the intervention is sufficiently slow relative to the learning speed, the

Q-values can remain close to the moving fixed-point branch and inside the moving basin boundary. The

comparison is therefore not between different final policies, but between different implementation paths

leading to the same final policy.

Figure 5 illustrates this mechanism for the baseline payoff and learning parameters in Appendix G. The

target is δ∗ = 0.242< δc ≃ 0.284, so the target fixed point is locally stable. A sudden jump from δ = 0 to

δ= 0.242 can nevertheless place the inherited learning state outside the relevant local basin and generate

persistent oscillations. A two-stage path through δ = 0.2 allows the Q-values to adjust before the final

increase and preserves convergence. Appendix B.1 reports the corresponding discrete-time simulations.
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(a) Sudden implementation: δ : 0→ 0.242.
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(b) Two-stage implementation: δ : 0→ 0.2→ 0.242.

Figure 5 Cooperation probabilities under two paths to the same target intervention level. The sudden policy moves the

inherited learning state outside the target fixed point’s basin and induces persistent oscillations. The staged

policy allows the Q-values to adjust and preserves convergence. The gray series is the reference trajectory with

δ= 0.242 held fixed, initialized near Q∗(0.242).

Figure 6 reports the same comparison using the normalized collusion measure. The sudden intervention

induces persistent oscillations in C(t), and these oscillations occur around a lower level of measured collusion

than the reference trajectory with δ = 0.242 held fixed. Thus, the sudden policy can reduce the collusion

measure, but it does so through unstable oscillatory dynamics rather than convergence to the target fixed

point. By contrast, the two-stage path allows the learning state to adjust before the final increase in δ, so

the normalized collusion measure remains close to the reference trajectory with δ= 0.242 held fixed.
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(b) Two-stage implementation: δ : 0→ 0.2→ 0.242.

Figure 6 Normalized collusion measure under two implementation paths to the same target intervention level. The sudden

policy generates persistent oscillations in C(t) = √
xtyt/ϵ, around a lower measured collusion level than the

reference trajectory with δ = 0.242 held fixed. The two stage policy allows the Q-values to adjust before the

final increase in δ, preserving convergence to the reference trajectory.

The deterministic symmetric subspace is invariant, so the speed mechanism is a statement about nearby

states rather than this knife-edge path. Initialization differences, asynchronous updating, exploration, and

stochastic payoff feedback naturally generate such deviations; rapid implementation can then amplify them

by placing the learning state outside the local basin boundary.

7.2. A Local Speed Bound Near the Hopf Threshold

We next translate the basin geometry into a local sufficient condition on implementation speed. The result

applies near a subcritical Hopf point and should be read as a local tracking condition: it identifies how

slowly the platform must move once the path reaches the region where the fixed point’s basin is shrinking.

Consider a compact interval

IH = [δ, δ]⊂ (δc − η, δc)

on the stable side of the Hopf point. Reset the local time origin so that t = 0 is the time at which the

intervention path enters IH . On IH ,

Ψ∗
θ(δ)< 0, (Ψ∗

θ)
′(δ)> 0.

Thus, the fixed point is locally stable, but its stability margin −Ψ∗
θ(δ) decreases as δ increases toward δc.

The relevant deviations are the antisymmetric ones described in Section 6.2:

v1 =Q1
C
−Q2

C
, v2 =Q1

D
−Q2

D
.

Using normalized Hopf coordinates (h1, h2) = (r cosφ, r sinφ), write z(t) = h1(t)+ ih2(t), and let

r(t) := |z(t)|

be the corresponding oscillation amplitude. For a frozen intervention level δ ∈ IH , the unstable periodic

orbit that bounds the local basin has leading-order radius

ρ∗(δ) =

(
−aH(δ)

ℓH

)1/2

, aH(δ) =
α

2
Ψ∗

θ(δ).
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Because aH(δ)< 0 on the stable side, this radius is well defined and shrinks to zero as δ ↑ δc.
To measure how close the trajectory is to this moving boundary, define

χ(t) :=
r(t)

ρ∗(δt)
. (21)

The quantity χ(t) is the fraction of the local stability buffer used by the trajectory: χ(t)< 1 means the

critical antisymmetric component lies inside the leading-order basin boundary.

The speed restriction comes from a simple comparison between two forces. Let

s(δ) :=−aH(δ)> 0.

The appendix proof of the proposition below derives the following leading-order derivative for the normal-

ized amplitude:
χ̇(t)

χ(t)
=−s(δt)

(
1−χ(t)2

)
+

a′
H(δt)δ̇t
2s(δt)

. (22)

The first term is the inward force created by local stability; the second is the outward force created

by the moving boundary. A safe implementation path keeps the inward force larger than the boundary

contraction.

The following proposition gives one convenient sufficient condition.

Proposition 7 (Local speed bound under the Hopf normal-form approximation) Suppose that

Q∗(δ) undergoes a nondegenerate subcritical Hopf bifurcation at δc, with stable side δ < δc. Let δ : [0,T ]→
IH be a continuously differentiable and nondecreasing intervention path. Fix a basin buffer ζ ∈ (0,1) and

a slack parameter σ ∈ (0,1), and define

mζ := 1− (1− ζ)2 = 2ζ − ζ2.

If χ(0)≤ 1− ζ and the platform’s intervention policy δ̇t = I(t, δt) satisfies

0≤ I(t, δt)< (1−σ)mζα
[−Ψ∗

θ(δt)]
2

Ψ∗
θ
′(δt)

for all t∈ [0,T ], (23)

then, under the leading-order Hopf approximation,

χ(t)≤ 1− ζ for all t∈ [0,T ].

Hence the critical component of the trajectory remains inside the buffered local basin throughout this portion

of the intervention.

The bound is sufficient, local, and conservative. Its value is that it identifies the scale on which safe

implementation must slow down. The admissible speed is proportional to the learning rate α, falls rapidly

as the stability margin −Ψ∗
θ(δ) becomes small, and adjusts for how quickly that margin changes with δ.

An equivalent expression makes the economic content especially transparent. Since Ψ∗′
θ(δ)> 0, condition

(23) is equivalent to
d

dt

[
1

−Ψ∗
θ(δt)

]
< (1−σ)mζα. (24)
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Thus, the relevant object is not the calendar-time speed δ̇t by itself, but how quickly the platform exhausts

the inverse stability margin.

The asymptotic form of the bound reinforces this point. Transversality gives

Ψ∗
θ(δ) =−Ψ∗

θ
′(δc)(δc − δ)+ o(δc − δ) as δ ↑ δc.

Therefore, the admissible speed in (23) is of order

δ̇t = I(t, δt) =O
(
α(δc − δt)

2
)
.

A constant positive implementation speed cannot satisfy this local bound arbitrarily close to δc. Safe

implementation requires progressively smaller increments as the target approaches the stability threshold.

7.3. Implementation-Time Implications

Integrating the pointwise speed restriction yields a lower bound on the time needed to traverse a stable-

side interval near the Hopf point. This bound formalizes the idea that near-threshold interventions require

longer rollout horizons.

Corollary 1 (Implementation-time lower bound) Suppose that δ : [0,T ]→ IH is continuously differ-

entiable,

δ(0) = δstart, δ(T ) = δend < δc,

and satisfies the strict speed condition (23). Define

T σ
crit :=

1

(1−σ)mζα

[
1

−Ψ∗
θ(δend)

− 1

−Ψ∗
θ(δstart)

]
. (25)

Then

T > T σ
crit. (26)

Moreover,

T σ
crit −→∞ as δend ↑ δc.

The corollary applies only to the part of the path lying in IH ; the platform may move more quickly

before entering this local neighborhood. Once the intervention approaches the Hopf threshold, however,

the required implementation time grows quickly. In leading order,

T σ
crit =O

(
1

α(δc − δend)

)
as δend ↑ δc.

Thus, targets closer to the threshold require disproportionately longer rollout times. Increasing the learning

speed α reduces the required time, while targeting a smaller remaining stability margin increases it. The

main design implication is that the platform’s problem is not only how much to intervene, but how quickly

to deploy the intervention relative to the adaptation speed of the sellers’ learning algorithms.
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8. Computational Experiments

The local speed bound derived above links implementation speed to the stability margin of the symmetric

fixed point. We illustrate this implication by varying the learning parameters θ and τ , holding the baseline

payoff parameters fixed; see Appendix G. The takeaway is that implementation can proceed faster when

learning is less aggressive. The speed calculations are evaluated at fixed fractions of each perturbed param-

eter pair’s own Hopf threshold, so comparisons are made at the same relative distance from instability.

For any admissible pair (θ, τ), let δc(θ, τ) denote the corresponding Hopf threshold. Along the symmetric

fixed-point branch, write Ψ∗(δ;θ, τ) for the stability margin computed under those learning parameters,

with all other parameters held at their benchmark values. Local stability on the stable side is equivalent

to Ψ∗(δ;θ, τ)< 0, and the Hopf threshold is characterized by Ψ∗(δc(θ, τ);θ, τ) = 0. The local speed limit

used in the comparison is

G(δ;θ, τ) = [−Ψ∗(δ;θ, τ)]2

∂δΨ∗(δ;θ, τ)
.

We plot this object while varying one learning parameter at a time.
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Figure 7 Local speed limits under perturbations of the learning parameters. The horizontal axis reports the relative

intervention level δ/δc(θ, τ), so each curve is evaluated at the same relative distance from its own Hopf threshold.

Figure 7 shows the same pattern in both panels: the admissible speed decreases as the intervention

path approaches the Hopf threshold, and, at any fixed relative intervention level, the speed limit is lower

when either θ or τ is larger. The effect of θ comes from the frequency-weighted update rule α(s) = απ(s)θ:

because a∗(δ)< 1/2, a larger θ amplifies the difference between cooperation and defection update rates.

The effect of τ comes from the action update Mϵ,τ : a larger τ makes policy responses sharper. Thus,

lower θ or lower τ gives the platform more room to move quickly, while higher values require slower

implementation near δc(θ, τ).

9. Conclusion

In this paper, we study the mechanisms behind algorithmic collusion and the effects of platform inter-

ventions using a continuous-time approximation of Q-learning dynamics. By studying the deterministic
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ODEs governing algorithmic interactions, we show that algorithmic collusion is driven by algorithm design

and market payoff structures. Moreover, the market outcome of algorithmic interaction is not just a static

state but a dynamic trajectory that can lead to complex instability.

Our primary contribution lies in the dynamical analysis of platform intervention. We show that while

favoring the non-collusive player can reduce the collusive level, it may also lead to market instability. Using

bifurcation analysis, we identify that excessive intervention level does not lead to perfect competition but

can trigger a Hopf bifurcation, driving the system into unstable limit cycles. This implies that aggressive

interventions may inadvertently create instability, which can be detrimental to both consumer welfare and

seller planning.

Furthermore, our results highlight the critical importance of the speed of intervention, a dimension often

overlooked in static equilibrium analyses. We show that the transition to instability occurs through a Hopf

bifurcation. For the benchmark and robustness configurations examined numerically, the Hopf bifurcation

is subcritical, implying a shrinking local basin on the stable side. Consequently, a sudden intervention can

push the system out of this basin and into an oscillatory regime, even if a stable equilibrium still exists. In

contrast, a gradual intervention allows the learning algorithms to adapt continuously, keeping the system

within the stability region.

These findings suggest a paradigm shift in algorithmic governance. Effective intervention requires more

than identifying the optimal magnitude of penalties; it requires a dynamic control perspective. Policymak-

ers and platforms must consider the trajectory of implementation, favoring adaptive, gradual mechanisms

over static, immediate policy shifts. Future research could extend this framework to more complex mar-

ket settings, including multi-player, multi-product competition, and stochastic demand environments, to

further refine our understanding of algorithmic collusion and its regulation.
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Appendix A: Proofs

Proof of Proposition 1. LetM = T +δ denote the maximum possible payoff in the game such that the weighted

payoffs are bounded by M . We consider the evolution of the state variables.

Let Qi denote any of the four state variables {Q1
C
,Q1

D
,Q2

C
,Q2

D
}. The dynamics of any Qi can be written in the

general form:

Q̇i = li(t)
[
ri(t)+ γmax{Qj

C
,Qj

D
}−Qi

]
, (27)

where li(t)> 0 represents the strictly positive learning rate (e.g., xθα) and ri(t) represents the instantaneous payoff,

bounded such that |ri(t)| ≤M .

Consider the upper bound. Suppose that at some time t, a variable Qi first reaches a value V > M
1−γ

. Then, since

max{Qj
C
,Qj

D
} is bounded by the maximum value in the system Qmax, we have:

Q̇i ≤ li(t) [M + γQmax −Qi] .

Since Qi first reaches the value V , we have Qi =Qmax = V , this simplifies to:

Q̇i ≤ li(t) [M − (1− γ)V ] .

Since V > M
1−γ

, the term in the brackets is strictly negative. Thus, Q̇i < 0, ensuring Qi decreases.

Similarly, for the lower bound, consider Qi =−V where V > M
1−γ

. We observe that max{Qj
C
,Qj

D
} ≥−V . Thus:

Q̇i ≥ li(t) [−M + γ(−V )+V ] = li(t) [−M +(1− γ)V ] .

Since V > M
1−γ

, the derivative is strictly positive. Qi has to increase.

Therefore, all trajectories eventually enter and remain within the set defined by |Qi| ≤ M
1−γ

, proving the system is

dissipative. ■

Proof of Proposition 2. We show the proposition by verifying the conditions for the existence of a global

attractor as established in Theorem 3.4.6 in Hale (1988). We first restate the theorem below:

Theorem 3.4.6 (Existence of Global Attractor, Hale (1988)) Let X be a Banach space and T (t) :X →X, t > 0, be

a semigroup of continuous operators. If T (t) is asymptotically smooth, point dissipative, and orbits of bounded sets

are bounded, then there exists a global attractor A.

Let X =R4. Let T (t) :X →X be the semigroup generated by the dynamical system, where T (t)Q(0) =Q(t) for

an initial condition Q(0). Since the dynamics are Lipschitz continous, we have the semigroup T (t) is continuous. We

verify the three conditions:

1. Asymptotic Smoothness: A continuous mapping T :X →X is asymptotically smooth if, for any nonempty closed

bounded set B ⊂X for which TB ⊂B, there is a compact set K ⊂B such that K attracts B. Since X = R4

is finite-dimensional, we can always find such a compact set K, and hence the semiflow T (t) is asymptotically

smooth.

2. Point Dissipativity : As shown in Proposition 1, there exists a bounded set Ω that attracts every trajectory

starting in R4. This implies that T (t) is point dissipative.

3. Boundedness: Proposition 1 establishes that all orbits eventually enter and remain in Ω, implying that orbits

of bounded sets are bounded.
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Therefore, by Theorem 3.4.6 in Hale (1988), the semiflow admits a global attractor A which attracts all bounded

subsets of R4. ■

Proof of Lemma 1. Let Q∗ be any fixed point, either interior or boundary, and let x∗ and y∗ denote the induced

cooperation probabilities. Since x∗, y∗ ∈ [ϵ,1− ϵ] and ϵ > 0, all effective learning rates in (9) are strictly positive.

Hence, at a fixed point, the bracketed terms in (9) must vanish.

For player 1, this gives

y∗R+(1− y∗)(S− δ)+ γmax
a

Q1∗
a −Q1∗

C
= 0,

y∗(T + δ)+ (1− y∗)P + γmax
a

Q1∗
a −Q1∗

D
= 0.

Subtracting the first equation from the second yields

Q1∗
D
−Q1∗

C
= y∗(T −R)+ (1− y∗)(P −S)+ δ≥ ϵ (T −R+P −S)+ δ > 0,

where the inequalities follow from T >R, P >S, y∗ ∈ [ϵ,1− ϵ], and δ≥ 0. Therefore, Q1∗
D

>Q1∗
C
.

The same argument for player 2 gives

Q2∗
D
−Q2∗

C
= x∗(T −R)+ (1−x∗)(P −S)+ δ≥ ϵ (T −R+P −S)+ δ > 0,

and hence Q2∗
D

>Q2∗
C
. Therefore, Qi∗

D
>Qi∗

C
for i= 1,2. ■

Proof of Proposition 3. The following proof treats the general setting of Proposition 8 in Appendix D, where

the system need not satisfy the condition in Assumption 1. Thus, the statement of Proposition 3 follows as a special

case.

At any fixed point of (9)–(10), the equilibrium conditions imply ∆1 =Ay+B− δ, ∆2 =Ax+B− δ, x=M(∆1),

and y =M(∆2), where M(∆) = ϵ+ (1/2 + τ∆− ϵ)+. Moreover, for every z ∈ [0,1], Az +B − δ = z(R− T ) + (1−
z)(S −P )− δ < 0. Hence the upper saturation region of the original policy map is never reached at an equilibrium;

only the lower bound ϵ can bind.

We first characterize symmetric equilibria. A symmetric equilibrium satisfies a=M(Aa+B− δ). If the policy is

in its linear region, then a= 1/2+ τ(Aa+B− δ), so

a=
1+2τ(B− δ)

2(1−Aτ)
.

This candidate is admissible if and only if a > ϵ, equivalently 0< τ < τϵ(δ). In that case, x∗ = y∗ = a∗(δ) and ∆∗
1 =

∆∗
2 =Aa∗(δ)+B−δ. If τ ≥ τϵ(δ), the linear-region candidate is no larger than ϵ. Equivalently, Aϵ+B−δ≤ (ϵ−1/2)/τ ,

so the lower-saturation branch applies at a= ϵ. Hence x∗ = y∗ = ϵ and ∆∗
1 =∆∗

2 =Aϵ+B−δ. These two cases exhaust

the symmetric equilibria.

We next characterize asymmetric equilibria. Suppose first that both policies are in their linear regions. Then

x= 1/2+ τ(Ay+B− δ) and y= 1/2+ τ(Ax+B− δ). Subtracting the two equations gives (1+Aτ)(x− y) = 0. Thus

a non-symmetric equilibrium with both policies in the linear region can exist only if A< 0 and τ = τ0 :=−1/A. At

this knife edge, the equilibrium conditions reduce to x+ y= 1/2+ τ(B− δ). Imposing x, y≥ ϵ gives the line segment

x, y ∈ [ϵ, 1/2+ τ(Aϵ+B− δ)], which is nondegenerate exactly when τ0 < τϵ(δ).

It remains to consider equilibria in which one lower bound binds. By symmetry, take x= ϵ < y. Then y = 1/2 +

τ(Aϵ+B− δ), and y > ϵ is equivalent to τ < τϵ(δ). The condition that x= ϵ is indeed on the lower-saturation branch

is
1

2
+ τ(Ay+B− δ)≤ ϵ.
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Letting L := 1/2− ϵ and h :=Aϵ+B− δ < 0, this condition becomes (1+Aτ)(L+ τh)≤ 0. Since y > ϵ is equivalent

to L+ τh > 0, the lower-saturation condition holds if and only if 1+Aτ ≤ 0, that is, if and only if A< 0 and τ ≥ τ0.

Therefore, if τ0 < τ < τϵ(δ), the only asymmetric equilibria are (x∗, y∗) = (ϵ, 1/2+ τ(Aϵ+B− δ)) and its symmetric

counterpart. If τ = τ0 < τϵ(δ), these two boundary equilibria are the endpoints of the continuum described above.

Finally, the associated Q-value gaps follow directly from ∆∗
1 = Ay∗ +B − δ and ∆∗

2 = Ax∗ +B − δ. Since every

non-symmetric equilibrium either has both policies in their linear regions or has one policy at the lower bound, no

other asymmetric equilibria exist. ■

Proof Corollary 2. By Proposition 3, asymmetric equilibria can arise only if A < 0 and τ ≥ −1/A, which is

equivalent to Aτ ≤−1. Hence Aτ >−1 rules out all asymmetric equilibria. ■

Proof of Theorem 1. Fix δ ≥ 0 and suppose 0< τ < τϵ(δ) and Aτ >−1. Let a∗ = a∗(δ) denote the symmetric

interior equilibrium in Proposition 3. By Lemma 1, at any interior fixed point we have Qi∗
D
>Qi∗

C
for i= 1,2. Hence,

in a neighborhood of the symmetric interior equilibrium, the maximum term in (9) is given by Qi
D
, and the local

dynamics are

dQ1
C

dt
= αxθ

(
yR+(1− y)(S− δ)+ γQ1

D
−Q1

C

)
,

dQ1
D

dt
= α(1−x)θ

(
y(T + δ)+ (1− y)P + γQ1

D
−Q1

D

)
,

dQ2
C

dt
= αyθ

(
xR+(1−x)(S− δ)+ γQ2

D
−Q2

C

)
,

dQ2
D

dt
= α(1− y)θ

(
x(T + δ)+ (1−x)P + γQ2

D
−Q2

D

)
.

At the fixed point, the bracketed terms vanish. Subtracting the defection equation from the cooperation equation for

firm 1 gives

∆∗
1 =Q1∗

C
−Q1∗

D
=Ay∗ +B− δ,

and similarly ∆∗
2 = Ax∗ +B − δ. Since the equilibrium is interior, x∗ = 1/2 + τ∆∗

1 and y∗ = 1/2 + τ∆∗
2. Imposing

symmetry gives the equilibrium in Proposition 3. Moreover, Aa∗ +B− δ < 0, so a∗ < 1/2.

We now study local stability. Let p := (a∗)θ, q := (1 − a∗)θ, rδ := R − S + δ, and tδ := T − P + δ. Because the

bracketed terms vanish at the fixed point, derivatives of the learning-rate multipliers do not enter the Jacobian. With

the ordering (Q1
C
,Q1

D
,Q2

C
,Q2

D
), the Jacobian has the block form

J=

(
U V
V U

)
,

where

U= α

(
−p γp
0 −(1− γ)q

)
, V= ατ

(
prδ −prδ
qtδ −qtδ

)
.

The eigenvalues of J are the eigenvalues of U+V and U−V. Therefore, by the two-dimensional Routh–Hurwitz

criterion, the equilibrium is locally asymptotically stable if and only if both matrices have negative trace and positive

determinant; see (Khalil 2002, Theorem 4.7).

A direct calculation gives

det(U+V) = α2(1− γ)pq(1−Aτ), det(U−V) = α2(1− γ)pq(1+Aτ).

Because p, q > 0, α> 0, and γ < 1, and because Aτ >−1 is imposed, the determinant conditions reduce to Aτ < 1.



Author: Article Short Title
36

It remains to analyze the trace conditions. For U+V,

Tr(U+V) = α [−p− (1− γ)q+ τ (prδ − qtδ)] .

Since a∗ < 1/2, we have q≥ p. Also tδ > 0. Hence, if Aτ < 1,

Tr(U+V)≤ α [−p− (1− γ)q+ τp(rδ − tδ)] = α [−(1−Aτ)p− (1− γ)q]< 0,

where we used rδ − tδ =A. Thus Tr(U+V)< 0 whenever Aτ < 1.

For U−V, using C1(δ) = 1+ τ(R−S+ δ) = 1+ τrδ and C2(δ) = τ(T −P + δ)− (1− γ) = τtδ − (1− γ), we obtain

Tr(U−V) = α [−C1(δ)p+C2(δ)q] .

Therefore Tr(U−V)< 0 if and only if

C2(δ)(1− a∗)θ <C1(δ)(a
∗)θ.

Combining the determinant and trace conditions, the symmetric interior equilibrium is locally asymptotically stable

if and only if

Aτ < 1 and C2(δ)(1− a∗)θ <C1(δ)(a
∗)θ.

The equivalent threshold characterization follows immediately. If C2(δ)≤ 0, the trace condition for U−V holds

for all θ≥ 0, since C1(δ)> 0. If C2(δ)> 0, then

C2(δ)(1− a∗)θ <C1(δ)(a
∗)θ ⇐⇒

(
1− a∗

a∗

)θ

<
C1(δ)

C2(δ)
.

Because a∗ < 1/2, the denominator log(1− a∗)− log(a∗) is positive. Moreover, under Aτ >−1, we have

C1(δ)−C2(δ) = 2− γ+Aτ > 0,

so the threshold is well defined and positive. Hence the equilibrium is locally asymptotically stable if and only if

θ < θc(δ), where

θc(δ) :=
logC1(δ)− logC2(δ)

log(1− a∗)− log(a∗)
.

At θ = θc(δ), the relevant trace is zero and the linearization is non-hyperbolic. For θ > θc(δ), Tr(U−V)> 0, so at

least one eigenvalue has positive real part and the equilibrium is unstable. ■

Proof of Proposition 4. Use the notation from Theorem 1. Along the symmetric interior branch, write a∗ =

a∗(δ). The stability margin is

Ψ∗
θ(δ) =C2(δ)(1− a∗)θ −C1(δ)(a

∗)θ,

where

C1(δ) = 1+ τ(R−S+ δ), C2(δ) = τ(T −P + δ)− (1− γ).

Moreover,
da∗(δ)

dδ
=− τ

1−Aτ
< 0,

because Assumption 1 implies |Aτ | < 1. Theorem 1 also gives a∗ < 1/2 on the interior symmetric branch. Hence

(1− a∗)θ > (a∗)θ for 0< θ≤ 1.

Differentiating Ψ∗
θ(δ) gives

d

dδ
Ψ∗

θ(δ) = τ
[
(1− a∗)θ − (a∗)θ

]
− θ

da∗

dδ

[
C2(δ)(1− a∗)θ−1 +C1(δ)(a

∗)θ−1
]
.

The first term is strictly positive. Since da∗/dδ < 0, it remains only to show that

C2(δ)(1− a∗)θ−1 +C1(δ)(a
∗)θ−1 > 0.
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If C2(δ)≥ 0, this is immediate because C1(δ)> 0. If C2(δ)< 0, write C2(δ) =−|C2(δ)|. Since a∗ < 1/2 and θ≤ 1,(
1− a∗

a∗

)θ−1

≤ 1.

Therefore

C2(δ)(1− a∗)θ−1 +C1(δ)(a
∗)θ−1 = (a∗)θ−1

[
C1(δ)− |C2(δ)|

(
1− a∗

a∗

)θ−1
]

≥ (a∗)θ−1
[
C1(δ)− |C2(δ)|

]
= (a∗)θ−1

[
C1(δ)+C2(δ)

]
= (a∗)θ−1

[
γ+ τ

(
(R−S)+ (T −P )+ 2δ

)]
> 0.

Thus (Ψ∗
θ)

′(δ)> 0 throughout I.

The remaining conclusions follow from Theorem 1. There, Tr(U−V) = αΨ∗
θ(δ), while the determinant of U−V is

positive under |Aτ |< 1. Hence the sign of Ψ∗
θ(δ) determines the stability of the antisymmetric Jacobian block. Strict

monotonicity implies that there is at most one crossing δc, with stability for δ < δc and instability for δ > δc. At a

crossing, the trace of U−V is zero and its determinant is positive, so the critical eigenvalues are purely imaginary.

Together with the transversality (Ψ∗
θ)

′(δc)> 0, this is a Hopf point; if the first Lyapunov coefficient is nonzero, the

Hopf bifurcation is nondegenerate. ■

Proof of Proposition 6. Let φδ
t (Q0) denote the flow of the Q-value dynamics under the fixed intervention level

δ, starting from initial condition Q0 ∈R4. For compactness, when δ is fixed, write Q∗ =Q∗(δ) and define its basin

of attraction by

Bδ(Q
∗) := {Q0 ∈R4 : lim

t→∞
φδ

t (Q0) =Q∗}.

Since Q∗(δc) undergoes a subcritical Hopf bifurcation at δ= δc, standard Hopf bifurcation theory (Kuznetsov 2004)

implies that there exists η > 0 such that, for all δ ∈ (δc−η, δc), the equilibrium Q∗(δ) is locally asymptotically stable.

Moreover, in the local two-dimensional Hopf reduction, there exists an unstable periodic orbit Γδ surrounding Q∗(δ)

whose amplitude is of order O(
√

|δ− δc|) (Wiggins 2003).

Because Γδ is an invariant closed curve in the two-dimensional reduced dynamics, it acts as a local boundary.

On the Hopf reduction manifold, trajectories inside Γδ converge to Q∗(δ), while trajectories on or outside Γδ in the

reduced dynamics cannot cross Γδ and therefore are not attracted to Q∗(δ). Since the reduced manifold is invariant

under the full flow, these initial conditions also correspond to trajectories of the full four-dimensional system that

do not belong to Bδ(Q
∗).

By Proposition 1, the system is dissipative. In particular, all trajectories are bounded and the dynamics admit

a compact global attractor A. To characterize the long-run behavior of trajectories that are not attracted to the

equilibrium Q∗(δ), we use the notion of an ω-limit set.

Let Q0 ∈ R4 be an initial condition and let φδ
t (Q0) denote the flow of the Q-value dynamics. The ω-limit set of

Q0 is defined as

ωδ(Q0) :=
{
Q∈R4

∣∣ ∃ tn →+∞ such that φδ
tn
(Q0)→Q

}
,

where tn is a sequence of time points going to infinity. Note that ωδ(Q0) is closed by construction. Moreover, because

the flow is continuous, the set is positively invariant. Since the system is dissipative, the trajectory φδ
tn
(Q0) is bounded

for all t≥ 0, there must exist a converging subsequence and therefore ωδ(Q0) is nonempty. Thus, we have ωδ(Q0) is

compact, positively invariant under the flow, and contained in the global attractor A.
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Intuitively, the ω-limit set collects all possible accumulation points of a trajectory as time tends to infinity and

therefore describes its asymptotic behavior. Since the system is dissipative, every trajectory is bounded and has a

nonempty compact ω-limit set contained in the global attractor.

Now consider an initial condition

Q0 /∈Bδ(Q
∗(δ)),

so that the corresponding trajectory is not attracted to the stable interior equilibrium Q∗(δ). We claim that its

ω-limit set cannot be a singleton. Suppose, toward a contradiction, that

ωδ(Q0) = {Q̄}.

Because ωδ(Q0) is invariant under the flow, the point Q̄ must be an equilibrium of the system. Under the uniqueness

conditions in Appendix B.2, however, Q∗(δ) is the unique fixed point of the Q-value dynamics. Hence

Q̄=Q∗(δ).

This implies

lim
t→∞

φδ
t (Q0) =Q∗(δ),

which contradicts Q0 /∈Bδ(Q
∗(δ)). Therefore, ωδ(Q0) is not a singleton.

Moreover, ωδ(Q0) cannot contain any equilibrium. Indeed, the only equilibrium is Q∗(δ), and if Q∗(δ) ∈ ωδ(Q0),

then local asymptotic stability of Q∗(δ) would imply that the trajectory eventually enters its basin of attraction and

converges to Q∗(δ), again contradicting the choice of Q0.

Thus, for every initial condition outside the basin of attraction of Q∗(δ), the trajectory does not settle at a fixed

point. Its long-run behavior is contained in the compact invariant non-equilibrium set, which is nonempty and not

a singleton. This persistent non-stationary behavior may take the form of a periodic orbit, an invariant torus, or a

more complex recurrent invariant set. ■

Proof of Proposition 7. We give the proof in three steps. First, we identify the Hopf plane. Second, we compute

the leading-order radius of the unstable periodic orbit. Third, we compare the motion of the trajectory with the

motion of this shrinking local boundary.

Step 1: the Hopf plane. At the symmetric interior equilibrium, the two sellers have the same equilibrium Q-values,

so

Q∗(δ) =

Q∗
C
(δ)

Q∗
D
(δ)

Q∗
C
(δ)

Q∗
D
(δ)

 .

The Jacobian has the block form

J(δ) =

(
U(δ) V(δ)
V(δ) U(δ)

)
.

Let

ξ1 =

(
Q1

C
−Q∗

C
(δ)

Q1
D
−Q∗

D
(δ)

)
, ξ2 =

(
Q2

C
−Q∗

C
(δ)

Q2
D
−Q∗

D
(δ)

)
denote deviations from the symmetric equilibrium. The linearized dynamics are(

ξ̇1
ξ̇2

)
=

(
U V
V U

)(
ξ1
ξ2

)
.

Introduce symmetric and antisymmetric coordinates

u=
ξ1 + ξ2

2
, v=

ξ1 − ξ2
2

.
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Equivalently, ξ1 = u+v and ξ2 = u−v. Substitution gives the block-diagonal system

u̇= (U+V)u, v̇= (U−V)v.

Thus u is the average seller deviation, while

v=
1

2

(
Q1

C
−Q2

C

Q1
D
−Q2

D

)
(28)

is the seller-difference deviation. This appendix coordinate is one half of the raw antisymmetric vector (v1, v2) used

in the main text. From the proof of Theorem 1, the critical eigenvalues are generated by the matrix block U−V.

Hence the Hopf plane is the antisymmetric plane v, governed by U(δc)−V(δc).

From Theorem 1,

Tr(U−V) = αΨ∗
θ(δ).

Moreover, under the condition x∗ ∈ (0,1), γ < 1, and |Aτ |< 1, the proof of Theorem 1 gives det(U−V)> 0. Hence,

the real part of the two eigenvalues of U−V is one half of the trace:

aH(δ) =
1

2
Tr(U−V) =

α

2
Ψ∗

θ(δ).

At the Hopf point, Ψ∗
θ(δc) = 0, so

aH(δc) = 0, λ±(δc) =±iωc, ωc > 0.

Let z ∈ C denote the local Hopf coordinate, which is obtained to leading order by expressing the antisymmetric

coordinate v in the eigenbasis of U(δc)−V(δc). On the stable side, Ψ∗
θ(δ)< 0 and therefore aH(δ)< 0.

Step 2: the radius of the unstable periodic orbit. By the Hopf normal form on the local center manifold, the

leading-order dynamics in the Hopf plane are given by

ż =
(
aH(δ)+ iω(δ)

)
z+(ℓH + iℓI)z|z|2. (29)

The coefficient ℓ1 computed using the convention of Kuznetsov (2004) gives the real radial cubic coefficient

ℓH = ωcℓ1.

Let r(t) = |z(t)|. Since r2 = zz̄,
1

2

d

dt
r2 =Re(z̄ż).

Substituting (29) gives

Re(z̄ż) =Re
[
(aH(δ)+ iω(δ))|z|2 +(ℓH + iℓI)|z|4

]
= aH(δ)r

2 + ℓHr
4.

The imaginary terms only rotate the phase and therefore do not affect the amplitude. For r > 0,

ṙ= aH(δ)r+ ℓHr
3. (30)

The case r= 0 follows by continuity. The nonzero radial equilibrium satisfies

aH(δ)+ ℓHρ
2
∗(δ) = 0.

Thus, in the leading-order radial equation,

ρ2∗(δ) =−aH(δ)

ℓH
.

Including the higher-order terms in the Hopf normal form gives

ρ2∗(δ) =−aH(δ)

ℓH
+O(aH(δ)

2).

Step 3: the moving-boundary comparison. On the stable side define

s(δ) :=−aH(δ)> 0.
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Using ρ2∗ = s/ℓH , equation (30) becomes

ṙ=−s(δ)r+ ℓHr
3 =−s(δ)r

(
1− r2

ρ2∗(δ)

)
. (31)

Recall we defined the normalized amplitude as

χ(t) :=
r(t)

ρ∗(δt)
.

For r > 0, we take the logarithm of χ(t) and take the time derivative to separate the trajectory’s motion from the

boundary’s motion:
χ̇

χ
=

ṙ

r
− ρ̇∗

ρ∗
.

The case r= 0 follows by continuity. By (31),

χ̇

χ
=−s(δ)(1−χ2)− ρ̇∗

ρ∗
. (32)

Since, to leading order,

ρ∗(δ) =

(−aH(δ)

ℓH

)1/2

,

and ℓH is fixed at its Hopf value in the leading-order reduction,

ρ̇∗

ρ∗
=

a′
H(δ)δ̇

2aH(δ)
.

Because aH(δ) =−s(δ), equation (32) becomes

χ̇

χ
=−s(δ)(1−χ2)+

a′
H(δ)δ̇

2s(δ)
. (33)

The first term is inward recovery of the trajectory. The second term is the outward effect generated by the shrinking

local boundary.

Evaluate (33) at the buffered boundary χ= 1− ζ. We have,

1−χ2 = 1− (1− ζ)2 =mζ .

Hence
χ̇

χ
=−s(δ)mζ +

a′
H(δ)δ̇

2s(δ)
. (34)

A sufficient condition ensuring that trajectories cannot exit the buffered region is that χ̇ < 0 whenever χ= 1− ζ. By

(34), a sufficient condition ensuring that the vector field points strictly inward at the buffered boundary is

−s(δ)mζ +
a′
H(δ)δ̇

2s(δ)
< 0.

To leave fixed slack for the higher-order terms discussed later, we impose the stronger condition: for some fixed

σ ∈ (0,1),
a′
H(δ)δ̇

2s(δ)
< (1−σ)s(δ)mζ . (35)

Equivalently,

δ̇ < (1−σ)
2mζs(δ)

2

a′
H(δ)

. (36)

Under (35), the boundary derivative satisfies

χ̇

χ
≤−s(δ)mζ +(1−σ)s(δ)mζ =−σs(δ)mζ < 0.

Using

s(δ) =−aH(δ) =−α

2
Ψ∗

θ(δ), a′
H(δ) =

α

2
Ψ∗

θ
′(δ),
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we obtain

(1−σ)
2mζs(δ)

2

a′
H(δ)

= (1−σ)mζα
[−Ψ∗

θ(δ)]
2

Ψ∗
θ
′(δ)

.

Thus the strengthened speed condition

0≤ δ̇t < (1−σ)mζα
[−Ψ∗

θ(δt)]
2

Ψ∗
θ
′(δt)

implies that χ̇ < 0 whenever χ = 1− ζ. Therefore a trajectory starting in the region χ ≤ 1− ζ cannot cross into

χ> 1− ζ. Hence the critical Hopf component remains inside the buffered local basin throughout the intervention. ■

Proof of Corollary 1. The strengthened strict speed bound gives, for some fixed σ ∈ (0,1),

δ̇t < (1−σ)mζα
[−Ψ∗

θ(δt)]
2

Ψ∗
θ
′(δt)

.

Because Ψ∗
θ
′(δ)> 0 on IH , this implies

Ψ∗
θ
′(δt)δ̇t

[−Ψ∗
θ(δt)]

2
< (1−σ)mζα.

The left-hand side is exactly the time derivative of the inverse stability margin:

d

dt

(
1

−Ψ∗
θ(δt)

)
=

Ψ∗
θ
′(δt)δ̇t

[−Ψ∗
θ(δt)]

2
.

Therefore
d

dt

(
1

−Ψ∗
θ(δt)

)
< (1−σ)mζα.

Integrating from 0 to T , and using δ(0) = δ0 and δt = δf , yields

1

−Ψ∗
θ(δf )

− 1

−Ψ∗
θ(δ0)

< (1−σ)mζαT .

Rearranging gives

T >
1

(1−σ)mζα

[
1

−Ψ∗
θ(δf )

− 1

−Ψ∗
θ(δ0)

]
= T σ

crit.

Finally, as δf ↑ δc, we have Ψ∗
θ(δf ) ↑ 0 from below. Hence 1/[−Ψ∗

θ(δf )]→∞, so T σ
crit →∞. ■

The frozen Hopf normal form describes the local geometry for each fixed value of δ. Since we are studying a

time-varying path δ = δt, it remains to check that the additional terms created by the motion of δt do not have the

same order as the two terms used in the speed comparison. We show that, after the moving-boundary term already

shown above, all remaining δ̇-terms are higher order.

Let the full Q-value dynamics be

Q̇= F(Q, δ),

where F is the vector field of the ODE. For each fixed δ, the symmetric equilibrium satisfies F(Q∗(δ), δ) = 0.

Let ξ=Q−Q∗(δt) denote deviations from the moving equilibrium. By the chain rule,

ξ̇= F(Q, δ)− ∂δQ
∗(δ)δ̇.

The second term is the source of the possible moving-equilibrium forcing. The remainder discussion below uses the

following assumptions: F and Q∗(δ) are sufficiently smooth in (Q, δ) and all noncritical eigenvalues are uniformly

bounded away from the imaginary axis on I.

Recall the notation introduced earlier: u= (ξ1+ξ2)/2, v= (ξ1−ξ2)/2, where ξi is seller i’s deviation vector. Since

Q∗(δ) is symmetric, at the seller level the last term above contributes the same vector

−∂δ

(
Q∗

C
(δ)

Q∗
D
(δ)

)
δ̇



Author: Article Short Title
42

to each seller’s deviation equation. This term enters the symmetric coordinate u, but cancels from the antisymmetric

coordinate v. Since the Hopf pair is generated by the antisymmetric block U−V, there is no constant forcing term

of order O(δ̇) in the Hopf equation.

Locally, the (u,v) dynamics can be written as

u̇= (U+V)u− ∂δ

(
Q∗

C
(δ)

Q∗
D
(δ)

)
δ̇+Gs(u,v, δ),

v̇= (U−V)v+Gc(u,v, δ),

where the terms Gs and Gc start at quadratic order in (u,v). The moving-equilibrium forcing affects only the stable

u-equation. Thus this forcing produces only an O(|δ̇|) in the symmetric coordinate.

The only possible feedback from the moving symmetric coordinate u to the antisymmetric coordinate v must vanish

when v= 0. Indeed, if v= 0, the two sellers have the same deviation from the moving equilibrium. Equivalently, the

subspace v= 0 is invariant, so

Gc(u,0, δ) = 0.

Hence the antisymmetric equation cannot contain a term depending only on u or only on the moving-equilibrium

forcing. Any feedback from the symmetric coordinate into the antisymmetric equation must be multiplied by the

seller-difference variable v. The moving part of this feedback therefore has size

O(|δ̇| ∥v∥),

where the |δ̇| term is coming from the dynamics in u. Since z is a local coordinate on the Hopf plane, v is linear in

z and z̄ to first order:

v= q(δ)z+q(δ) z̄+O(|z|2).

Thus the moving feedback contributes O(|δ̇| |z|) to the z-equation.

Moreover, there are moving-coordinate terms. Let z = h(v, δ) be a local Hopf normal-form coordinate. Since

z(t) = h(v(t), δt), the chain rule gives

ż =Dvh(v, δ)v̇+ ∂δh(v, δ)δ̇.

The first term gives the frozen Hopf normal form. The second term is new, but it has no constant part. Indeed, the

equilibrium corresponds to v= 0 for every δ in the Hopf coordinate, so h(0, δ) = 0 and therefore

∂δh(0, δ) = 0.

Thus the Taylor expansion of ∂δh(v, δ) begins with terms that are linear in v. Using the first-order relation between

v and (z, z̄) above, a real linear term in v becomes a linear combination of z and z̄. Therefore, with bounded local

coefficients,

∂δh(v, δ)δ̇= δ̇
[
b1(δ)z+ b2(δ)z̄+O(|z|2)

]
.

Thus the moving-coordinate contribution has the form

Rδ =O(|δ̇| |z|)

in the complex z-equation. The same bound applies to the feedback from the moving symmetric coordinate discussed

above.

It remains to translate this bound into the radial growth rate. Let r= |z|. Since r2 = |z|2 = zz̄, we have

d

dt
r2 = żz̄+ z ˙̄z = 2Re(z̄ż).
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Hence, for r > 0,
ṙ

r
=

Re(z̄ż)

|z|2 .

The contribution of Rδ is therefore
Re(z̄Rδ)

|z|2 .

Since Rδ =O(|δ̇| |z|), ∣∣∣∣Re(z̄Rδ)

|z|2
∣∣∣∣≤ |z| |Rδ|

|z|2 =O(|δ̇|).

The extra factor of |z| in the z-equation is exactly cancelled when we convert to ṙ/r.

Recall from the proof that the normalized amplitude χ= r/ρ∗(δ) satisfies

χ̇

χ
=−s(δ)(1−χ2)+

a′
H(δ)δ̇

2s(δ)
+ E , s(δ) :=−aH(δ)> 0,

where E collects the frozen normal-form remainders and the moving-δ remainders discussed above. On the local Hopf

boundary, |z|= r=O(
√
s(δ)), and the speed condition implies δ̇=O(s(δ)2). Therefore Rδ’s contribution to ṙ/r is

O(|δ̇|) =O(s2).

The possible variation of ℓH with δ is also of higher order. To see this, let

ℓcH := ℓH(δc).

Since ℓH(δ) is smooth and ℓcH ̸= 0, ℓH(δ) remains bounded away from zero and

ℓH(δ)− ℓcH =O(|δ− δc|).

Moreover, from the Taylor expansion, we have aH(δ) =O(δ− δc), so s(δ) =−aH(δ) =O(|δ− δc|). Hence, on the local

Hopf boundary where r = O(
√
s), replacing ℓH(δ) by ℓcH changes the cubic contribution to the logarithmic radial

equation by (
ℓH(δ)− ℓcH

)
r2 =O(|δ− δc|s) =O(s2).

The same conclusion holds for the moving-boundary term. If one uses

ρ2∗(δ) =
s(δ)

ℓH(δ)
,

then
ρ̇∗

ρ∗
=

1

2

ṡ

s
− 1

2

ℓ′H(δ)

ℓH(δ)
δ̇.

The first term gives −a′
H(δ)δ̇/(2s(δ)). The second term is O(δ̇), and under the speed scaling δ̇ = O(s2), it is also

O(s2). Therefore the variation of ℓH with δ affects χ̇/χ only at order O(s2), and these terms are included in E .
By contrast, the two terms retained in the leading-order comparison,

−s(δ)(1−χ2),
a′
H(δ)δ̇

2s(δ)
,

are both O(s) under the speed scaling δ̇ = O(s2). Here a′
H(δ) = O(1) near δc, and becasuse the Hopf bifurcation

, we have a′
H(δc) ̸= 0. In particular, at the buffered boundary χ = 1− ζ, the fixed-slack speed condition gives the

leading-order inward margin

−s(δ)mζ +
a′
H(δ)δ̇

2s(δ)
<−σmζs(δ).

The remaining moving-δ terms and the frozen normal-form remainders enter the logarithmic radial equation at order

O(s2). Thus these terms are asymptotically smaller than the O(s) terms and do not change the leading-order speed

law.



Author: Article Short Title
44

Appendix B: Additional Results

B.1. Discrete-Time Q-Learning Simulations

This appendix section reports numerical experiments for the original discrete-time Q-learning process underlying the

continuous-time (ODE) approximation analyzed in the main text. The purpose of these simulations is to verify that

the phenomena identified in the fluid limit — stability and oscillations present for the discrete-time system as well.

In Figure 8a, we first consider a fixed intervention level δ= 0.2< δc, where δc is the critical threshold identified in

the continuous-time analysis. We can see that the discrete-time learning process oscillates near the neighborhood of

the symmetric interior equilibrium.

In Figure 8b, for δ= 0.3> δc, convergence fails. Instead, the learning dynamics exhibit large-amplitude oscillations

in action probabilities. These cycles do not vanish as the simulation horizon increases and are robust across random

seeds. This behavior is consistent with the loss of local stability of the interior equilibrium through a Hopf bifurcation

in the fluid limit.
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(a) δ below the critical threshold: stable oscillations around

the fixed point.
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(b) δ above the critical threshold: divergence from the fixed

point over time.

Figure 8 Collusive level at the interior fixed point for intervention intensities below and above the critical threshold for

discrete-time Q-learning.

Overall, the discrete-time simulations confirm that the stability boundary predicted by the continuous-time approx-

imation has strong predictive power for the actual learning dynamics.

B.2. Uniqueness of the Interior Fixed Point

Having established the condition for the stability of the symmetric interior fixed point (x∗, x∗) in Proposition 1, we

now derive the sufficient conditions under which this fixed point is unique. To demonstrate uniqueness, we must

establish that no other stable fixed points exist on the boundary of the strategy space Σ= [ϵ,1− ϵ]2. Specifically, we

must rule out the mutual boundary points (e.g., (ϵ, ϵ)) and the asymmetric semi-interior points (e.g., (ϵ, y∗)).

Non-existence of the Boundary Fixed Point (ϵ, ϵ) First, we have that the best-response function is f : [ϵ,1−
ϵ]→R, defined by the linear portion of the policy:

f(x) = τ(Ax+B)+
1

2
.

A symmetric fixed point x∗ satisfies x∗ = f(x∗). For this interior fixed point to be asymptotically stable, as is shown

in Proposition 1, we have:

Aτ < 1.



Author: Article Short Title
45

We now analyze the stability of the boundary profile (ϵ, ϵ). For this boundary point to be a fixed point, we must

have f(ϵ)≤ ϵ.

Since f(x) is linear and Aτ < 1, condition f(ϵ)≤ ϵ and x∗ = f(x∗) cannot satisfy simultaneously. To see this, note

that if f(ϵ)≤ ϵ, then the line y = f(x) lies below the line y = x at x= ϵ. Given that the slope of f(x) is less than

1, it follows that f(x) will remain below y = x for all x> ϵ. This contradicts the existence of an interior fixed point

x∗ > ϵ where f(x∗) = x∗. Therefore, if a stable interior fixed point exists, the boundary point (ϵ, ϵ) does not exist.

Non-existence of Asymmetric Fixed Points We next consider asymmetric fixed points of the form (x∗, y∗) =

(ϵ, y∗) with y∗ ∈ (ϵ,1− ϵ). As shown in the previous section, such a fixed point requires Player 1 to be pinned at the

boundary when Player 2 playing an interior strategy. The necessary stability condition for Player 1 is:

x∗ = τ(Ay∗ +B)+
1

2
≤ ϵ. (37)

Here, y∗ is Player 2’s best response to Player 1’s boundary strategy x= ϵ. Since y∗ is assumed to be interior, it must

satisfy the linear policy equation:

y∗ = τ(Aϵ+B)+
1

2
. (38)

To ensure the non-existence of such asymmetric equilibria, condition (37) must be violated. Substituting (38) into

equation (37), we require:

τ [Ay∗ +B] +
1

2
> ϵ. (39)

Substituting the expression for y∗, we have:

τ

[
A

(
τ(Aϵ+B)+

1

2

)
+B

]
+

1

2
> ϵ.

This is the necessary and sufficient condition for the non-existence of asymmetric fixed points of the form (ϵ, y∗).

We then show that this condition is satisfied when A> 0. As is hown above, when the interior is stable, we have

Aτ < 1. Thus, we have f(ϵ)> ϵ. Therefore, we have

z = τ(Aϵ+B)+
1

2
= f(ϵ)> ϵ.

Moreover, when A> 0, f(z) = τ(Az+B)+ 1/2 is strictly increasing in z, we have

τ

[
A

(
τ(Aϵ+B)+

1

2

)
+B

]
+

1

2
= τ [Az+B] +

1

2
= f(z)> ϵ,

where the last inequality holds because z > ϵ and f is strictly increasing. Thus, we have shown that when A > 0,

there are no asymmetric fixed points of the form (ϵ, y∗).

B.3. Computation of the First Lyapunov Coefficient

This sensitivity to speed is explained by the specific local structure of the Hopf bifurcation. To classify the stability

of the emerging limit cycles, we compute the first Lyapunov coefficient ℓ1 at the critical intervention level δc. This

computation relies on the reduction of the system to its center manifold using the normal form theory described in

Kuznetsov (2004).

Let F(Q; δ) denote the right-hand side of equations (9). At the Hopf point, the system is linearized at the fixed

point Q∗(δc). Let

Jc :=DQF(Q∗(δc); δc)

denote the Jacobian at this point. The critical eigenvalues of Jc are

λ± =±iωc, ωc > 0,
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where ωc > 0 is the angular frequency at the Hopf bifurcation.

We introduce the right eigenvector q and the left eigenvector p satisfying

Jcq= iωcq, JT
c p=−iωcp,

and normalize them so that

⟨p,q⟩= 1.

Here ⟨·, ·⟩ denotes the complex inner product used in the standard Hopf normal form calculation.

Expanding F(Q; δc) around Q∗(δc), write

F(Q∗(δc)+ ξ; δc) = Jcξ+
1

2
B(ξ,ξ)+ 1

6
C(ξ,ξ,ξ)+O(∥ξ∥4).

The multilinear maps

B :Cn ×Cn →Cn, C :Cn ×Cn ×Cn →Cn

are defined component-wise by

Bi(u,v) =
n∑

j,k=1

∂2Fi

∂ξj∂ξk

∣∣∣∣
Q∗(δc)

ujvk, Ci(u,v,w) =

n∑
j,k,l=1

∂3Fi

∂ξj∂ξk∂ξl

∣∣∣∣
Q∗(δc)

ujvkwl. (40)

The first Lyapunov coefficient ℓ1 is determined by the interaction of these nonlinear terms with the critical

eigenspace:

ℓ1 =
1

2ωc

Re
[
⟨p,C(q,q, q̄)⟩− 2

〈
p,B

(
q,J−1

c B(q, q̄)
)〉

+
〈
p,B

(
q̄, (2iωcIn −Jc)

−1B(q,q)
)〉]

, (41)

where Re(·) extracts the real part and q̄ denotes the complex conjugate of the eigenvector q.

The coefficient ℓ1 in (41) is the standard first Lyapunov coefficient under the convention of Kuznetsov (2004).

Under this convention, the sign of ℓ1 determines the criticality of the Hopf bifurcation. Since ωc > 0, a positive value

of ℓ1 implies that the Hopf bifurcation is subcritical. A subcritical Hopf bifurcation is characterized, on the stable

side δ < δc, by an unstable limit cycle surrounding the stable equilibrium. Trajectories inside this unstable cycle

converge to the stable fixed point, while trajectories outside the cycle may move toward a large-amplitude oscillatory

attractor.

For the speed-bound analysis, it is useful to note the convention connecting ℓ1 to the radial Hopf normal form.

With the definition (41), the real cubic coefficient in the radial normal form is ωcℓ1. Thus, locally,

ṙ= aH(δ)r+ωcℓ1r
3 +higher-order terms, r= |z|.

Therefore, when ℓ1 > 0, the cubic term is outward and the Hopf bifurcation is subcritical.

B.3.1. Numerical Verification of Subcriticality To show that the subcritical nature of the Hopf bifurcation

is not an artifact of a specific parameter choice, we generated N = 10000 random payoff configurations, sampling the

payoff parameters T,R,P, and S from uniform distributions:

T ∈ [2.5,4.0], R ∈ [1.5,3.0], P ∈ [1.0,2.5], S ∈ [0.5,2.0].

The learning parameters were fixed at

α= 0.002, γ = 0.6, τ = 0.5, ϵ= 0.01, θ= 1.0.

For each configuration, we numerically solved for the critical intervention level δc and the corresponding symmetric

equilibrium (x∗, x∗). The analysis was conditioned on two criteria:

1. The existence of a valid Hopf bifurcation, meaning that the critical eigenvalues are purely imaginary and have

nonzero imaginary part ωc > 0.
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2. The preservation of the Prisoner’s Dilemma structure at the critical threshold. Specifically, with effective payoffs

T ′ = T + δc, S′ = S− δc, R′ =R, P ′ = P,

we required

T ′ >R′ >P ′ >S′.

For every parameter set satisfying these conditions, we computed the first Lyapunov coefficient ℓ1 using the method

described above. The numerical results show that ℓ1 > 0 for all valid configurations in the sample. This evidence

suggests that subcriticality is a robust feature of the learning dynamics under this model, rather than a consequence

of a particular payoff configuration.
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Appendix C: Derivation of the Fluid Approximation

In this appendix, we derive the fluid approximation used in Section 3.3. Consider a sequence of discrete-time systems

indexed by the period length ∆> 0. In the ∆-system, decisions are made at times tk = k∆, k = 0,1,2, . . ., and the

learning rate is scaled as

α∆(s) =α(s)∆.

We take s∆0 = s0 for all ∆. Let s∆k denote the state at decision epoch tk, let δ∆k denote the intervention level, let

p∆
k = π(s∆k ) denote the mixed action chosen at that epoch, and let r∆k denote the corresponding payoff-feedback

vector under δ∆k . The state evolves according to

s∆k+1 = (1d −α∆(s
∆
k ))⊙ s∆k +α∆(s

∆
k )⊙ T̃QR(s

∆
k ,p∆

k ,r
∆
k ).

Equivalently,
s∆k+1 − s∆k

∆
=α(s∆k )⊙

(
T̃QR(s

∆
k ,p∆

k ,r∆k )− s∆k

)
=:H(s∆k ,p∆

k ,r∆k ). (42)

Define the averaged drift

H(s, δ) :=Eδ [H(s,π(s),r)] ,

where the expectation is taken over the payoff realization and the action randomization induced by the mixed action

p= π(s), including any dependence of payoffs on rival actions. The subscript δ indicates that the payoff-feedback

distribution is evaluated at intervention level δ. Define the martingale-difference term

M∆
k+1 :=H(s∆k ,p∆

k ,r∆k )−H(s∆k , δ∆k ).

Then (42) can be written in stochastic-approximation form as

s∆k+1 = s∆k +∆H(s∆k , δ∆k )+∆M∆
k+1. (43)

Let

F∆
k := σ(s∆0 , δ

∆
0 ,p∆

0 ,r
∆
0 , . . . ,p

∆
k−1,r

∆
k−1, s

∆
k , δ∆k )

denote the natural filtration. By construction,

E
[
M∆

k+1 | F∆
k

]
= 0.

Let s∆(·) be the piecewise-linear interpolation of the discrete-time process:

s∆t = s∆k +
t− tk
∆

(
s∆k+1 − s∆k

)
, t∈ [tk, tk+1).

Fix a finite time horizon T <∞. For t ∈ [0,T ], let n= ⌊t/∆⌋, define u= t⌊u/∆⌋ as the most recent decision epoch

before time u, and write δ∆u = δ∆⌊u/∆⌋. Summing (43) gives

s∆t = s0 +

∫ t

0

H(s∆u , δ
∆
u )du+

n−1∑
j=0

∆M∆
j+1 +(t− tn)M∆

n+1.

Since 0≤ t− tn <∆, the final term is O(∆) whenever the martingale differences are uniformly bounded. Hence,

s∆t = s0 +

∫ t

0

H(s∆u , δ∆u )du+

n−1∑
j=0

∆M∆
j+1 +O(∆). (44)

We impose the following standard regularity conditions. First, the iterates eventually remain in a compact state

set S. In our setting, this follows from the dissipativity property established in Proposition 1. Second, payoffs and

the intervention sequence are bounded. Third, on S, the policy map, the update rule, and the learning-rate map α(·)
are bounded and Lipschitz. These conditions imply that H(s,p,r) is uniformly bounded and Lipschitz in s on S, and

therefore that H(s, δ) is also bounded and Lipschitz in s, uniformly over admissible δ.
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These bounds imply tightness of the family of interpolated processes {s∆(·)}∆>0 on C([0,T ];Rd) for every finite

horizon T . In particular, the interpolated paths remain in a common compact set and have a uniformly bounded

modulus of continuity. This is the standard weak-convergence tightness condition used in stochastic-approximation

fluid limits; see, e.g., Kushner and Yin (2003).

It remains to show that the martingale term in (44) vanishes. Since H is uniformly bounded on the relevant compact

set, the martingale differences satisfy

sup
k,∆

E
[
∥M∆

k+1∥2 | F∆
k

]
<∞.

Because {M∆
k+1} is a martingale-difference sequence, cross terms vanish. Therefore, for every fixed T <∞,

E

∥∥∥∥∥
⌊T /∆⌋−1∑

j=0

∆M∆
j+1

∥∥∥∥∥
2

≤
⌊T /∆⌋−1∑

j=0

∆2E
[
∥M∆

j+1∥2
]
=O(∆).

Thus the martingale term converges to zero in L2, and hence in probability, uniformly on finite horizons.

Combining tightness, the Lipschitz continuity of H(·, δ) uniformly over the admissible intervention path, and the

vanishing martingale term, every weak limit of s∆(·) satisfies

st = s0 +

∫ t

0

H(su, δu)du.

Since H is Lipschitz in s uniformly along the bounded intervention path, this integral equation has a unique solution.

Therefore the full sequence of interpolated processes converges weakly on finite horizons to the unique solution of

ṡt =H(st, δt), s(0) = s0. (45)

This is the ODE, or fluid, approximation used in the main analysis. See Kushner and Yin (2003) and Borkar (2008)

for standard treatments of stochastic approximation and fluid limits. ■
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Appendix D: General Fixed-Point Characterization

This appendix characterizes all the fixed points of (9)–(10) without imposing Assumption 1. The main text focuses

on the parameter region in which the system has a unique symmetric interior fixed point. Outside that region,

the symmetric fixed point can lie on the forced-exploration boundary, asymmetric fixed points can arise, and at a

knife-edge parameter value the system can admit a continuum of fixed points.

Recall the cooperation–defection Q-value gaps

∆1(t) :=Q1
C
(t)−Q1

D
(t), ∆2(t) :=Q2

C
(t)−Q2

D
(t).

By Lemma 1, ∆∗
i < 0 at every fixed point. Hence the upper saturation 1− ϵ of the policy map never binds at a fixed

point. The action probabilities and Q-value gaps therefore satisfy

Ay∗ +B− δ−∆∗
1 = 0, x∗ = ϵ+

(
1
2
+ τ∆∗

1 − ϵ
)+

,

Ax∗ +B− δ−∆∗
2 = 0, y∗ = ϵ+

(
1
2
+ τ∆∗

2 − ϵ
)+

,
(Equilibrium Conditions)

where z+ :=max{z,0}.
These equations characterize the action probabilities and Q-value gaps at a fixed point. Given any solution

(x∗, y∗,∆∗
1,∆

∗
2), the Q-value levels are uniquely recovered from the Bellman fixed-point equations. Specifically, define

u1
C
(y, δ) = yR+(1− y)(S− δ), u1

D
(y, δ) = y(T + δ)+ (1− y)P,

and analogously

u2
C
(x, δ) = xR+(1−x)(S− δ), u2

D
(x, δ) = x(T + δ)+ (1−x)P.

Since Qi∗
D
>Qi∗

C
, the continuation term is γQi∗

D
, and hence

Q1∗
D

=
u1

D
(y∗, δ)

1− γ
, Q1∗

C
= u1

C
(y∗, δ)+ γQ1∗

D
,

with the analogous expressions for firm 2. Thus, solving the equilibrium conditions in (x, y,∆1,∆2) is equivalent to

solving for fixed points of the original Q-value system.

The following proposition gives the full classification. Recall the definition of the policy-saturation threshold:

τϵ(δ) :=

(
1/2− ϵ

δ−Aϵ−B

)+

. (Policy-Saturation Threshold)

Proposition 8 (General fixed-point characterization) Fix δ ∈ [0, S]. The equilibria of (9)–(10) are character-

ized as follows.

(a) Symmetric. The system admits a unique symmetric equilibrium, x∗ = y∗ = a∗(δ) and ∆∗
1 = ∆∗

2 = ∆∗, where

∆∗ =Aa∗(δ)+B− δ and

a∗(δ) =


1+2τ(B− δ)

2(1−Aτ)
if 0< τ < τϵ(δ) (collusive outcome)

ϵ if τϵ(δ)≤ τ (non-collusive outcome).

(b) Asymmetric. If A≥ 0, no asymmetric equilibrium exists. Suppose A< 0 and let τ0 :=−1/A.

(i) If τ0 < τ < τϵ(δ), there are exactly two asymmetric partially-collusive equilibria:

(x∗, y∗) =
(
ϵ, 1

2
+ τ(Aϵ+B− δ)

)
and (x∗, y∗) =

(
1
2
+ τ(Aϵ+B− δ), ϵ

)
.

The corresponding Q-value gaps are

(∆∗
1,∆

∗
2) = (Ay∗ +B− δ,Aϵ+B− δ)

and

(∆∗
1,∆

∗
2) = (Aϵ+B− δ,Ax∗ +B− δ),

respectively.
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(ii) If τ = τ0 < τϵ(δ), the system admits a continuum of equilibria satisfying

x∗ + y∗ =
1

2
+ τ(B− δ),

with

x∗, y∗ ∈
[
ϵ, 1

2
+ τ(Aϵ+B− δ)

]
.

All non-symmetric points in this continuum are asymmetric equilibria, and their Q-value gaps are

∆∗
1 =Ay∗ +B− δ, ∆∗

2 =Ax∗ +B− δ.

(iii) In all remaining cases, no asymmetric equilibrium exists.

The proof of this result is provided in Appendix A (see proof of Proposition 3).

Corollary 2 If Aτ >−1, then every equilibrium of (9)–(10) is symmetric.

Proposition 8 clarifies what Assumption 1 excludes. When τ ≥ τϵ(δ), the unique symmetric equilibrium is the

mutual-boundary fixed point x∗ = y∗ = ϵ, so cooperation occurs only through forced exploration. When A< 0 and

−1/A< τ < τϵ(δ), the system admits two asymmetric partially-collusive equilibria: one firm is pinned at the forced-

exploration bound, while the other remains in the interior of the policy map. At the knife-edge value τ =−1/A, these

asymmetric equilibria become part of a continuum.

Thus, outside the unique-interior regime, changes in τ can alter not only the level of cooperation but also the

structure of the fixed-point set. These cases are useful for understanding the full geometry of the learning dynamics,

but they are not the main object of the paper. The main text therefore imposes Assumption 1 and studies how

platform intervention affects the level and stability of the single collusive fixed point.

Figure 9 extends the example in Figure 2. Specifically, the right panel depicts a case or which the conditions in

Assumption 1 are not satisfies. The dashed curves are the zero-drift loci ∆̇1 = 0 and ∆̇2 = 0; their intersections are the

stationary points of (12). The shaded regions identify states in which one or both firms are at the forced-exploration

lower bound.

In the left panel, τ = 0.5 < τ0. The zero-drift curves intersect only once, on the diagonal ∆1 = ∆2, yielding a

stable symmetric equilibrium. For the displayed parameters, ∆1 =∆2 ≈−0.429, corresponding to x= y≈ 0.286. The

dynamics therefore converge to an interior outcome with cooperation above the forced-exploration benchmark.

In the right panel, τ = 1.5 ∈ (τ0, τϵ). The symmetric equilibrium remains interior, at approximately ∆1 = ∆2 =

−0.272 and x= y≈ 0.091, but it becomes a saddle. Two asymmetric stable equilibria emerge: in one, firm 1 is at the

forced-exploration bound while firm 2 cooperates with an interior probability; in the other, the roles are reversed.

Thus, greater responsiveness of the policy map can create endogenous asymmetry across otherwise identical firms.



Author: Article Short Title
52

-2 -1.5 -1 -0.5 0 0.5

"1 = Q1
C !Q1

D

-2

-1.5

-1

-0.5

0

0.5
"

2
=

Q
2 C
!

Q
2 D

Symmetric Equilibrium Only: = < =0

N
on
-C
ol
lu
si
ve

O
ut
co
m
e

Partially Collusive
Outcome

(Firm 1 force-explores)

Partially Collusive
Outcome

(Firm 2 force-explores)

_"1 = 0
_"2 = 0
"1 = "2

Symmetric eq. (stable)

-0.5 -0.4 -0.3 -0.2 -0.1 0 0.1

"1 = Q1
C !Q1

D

-0.5

-0.4

-0.3

-0.2

-0.1

0

0.1

"
2
=

Q
2 C
!

Q
2 D

Symmetric + Asymmetric Equilibria: = 2 (=0; =0)

_"1 = 0
_"2 = 0
"1 = "2

Symmetric eq. (saddle)
Asymmetric eq. (stable)

Vector Field of Cooperation{Defection Q-Value Gaps

Figure 9 Each panel shows the vector field of the reduced (∆1,∆2) system; shaded regions indicate forced exploration.

Left panel (τ = 0.5< τ0): the system admits a unique symmetric equilibrium (blue circle, stable). Right panel

(τ = 1.5∈ (τ0, τϵ)): the symmetric equilibrium becomes a saddle (blue circle) and two asymmetric stable equilibria

emerge (red squares). Relative to the baseline, both panels set δ= 0, θ= 0, and α= 1; the right panel additionally

sets τ = 1.5. See Appendix G.

Appendix E: Dynamical Systems and Hopf Bifurcation Preliminaries

This appendix collects the dynamical-systems concepts used in the paper. The goal is not to provide a self-contained

treatment, but to fix terminology and notation for fixed points, stability, limit cycles, center manifolds, and Hopf

bifurcations. The presentation follows standard references in nonlinear dynamics and bifurcation theory; see Strogatz

(2018), Kuznetsov (2004), and Guckenheimer and Holmes (2002).

In the main text, for a fixed intervention level δ, the learning dynamics can be written abstractly as

Q̇= F(Q; δ), Q= (Q1
C
,Q1

D
,Q2

C
,Q2

D
)∈R4, (46)

where F is the right-hand side of (9) after the action probabilities x and y are obtained from (10). The intervention

level δ is therefore a scalar parameter of the vector field. Here, a vector field means the map that assigns to each

current state Q and fixed intervention level δ the instantaneous direction and speed of motion Q̇= F(Q; δ) of the

Q-values. The symmetric interior equilibrium branch (defined in Appendix E.1 below) is denoted by Q∗(δ), with

induced cooperation probabilities x∗(δ) = y∗(δ) = a∗(δ).

Bifurcation analysis complements convergence arguments based on Lyapunov or potential functions. Lyapunov

methods can certify stability, convergence to an equilibrium or invariant set, and in stronger cases convergence rates.

Bifurcation analysis instead asks how the qualitative geometry of the flow changes as a parameter varies: when an

equilibrium loses stability, when oscillations appear, and how local basin boundaries move near a critical threshold.

In the main text, bifurcation analysis is applied to the frozen-δ autonomous system Q̇= F(Q; δ), treating δ as a fixed

parameter. The later analysis of policy implementation then uses this family of frozen-δ systems to study whether

the learning trajectory can track the moving equilibrium as the platform changes δ over time.
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E.1. Fixed Points and Local Stability

Consider first a general autonomous system

ż= F (z), z∈Rn, (47)

where F :Rn →Rn is continuously differentiable. A point z∗ is a fixed point or equilibrium if

F (z∗) = 0.

If z(0) = z∗, then z(t) = z∗ for all t ≥ 0. Throughout this appendix, a statement is called local if it holds after

restricting attention to a sufficiently small neighborhood of the fixed point or other object under study. Thus, local

stability describes the behavior of trajectories initialized sufficiently close to a fixed point; it does not characterize

all initial conditions or the full global basin of attraction.

The Q-value vector field in the paper is globally only piecewise smooth because of the maximum operator in the

continuation term and the capped policy map in (10). The nonsmooth surfaces are the surfaces Qi
C
= Qi

D
and the

surfaces |Qi
C
−Qi

D
|=∆ϵ,τ . The local stability and Hopf results in the main text are applied only at symmetric interior

fixed points lying away from these surfaces. At the fixed points studied there, Qi∗
D
>Qi∗

C
, so the maximum operator

locally selects Qi
D
, and the policy map is in its linear region for each firm. Hence, in a sufficiently small neighborhood

of the relevant fixed point, the vector field is smooth. The differentiable dynamical-systems results recalled below are

used in this local sense.

For the parameterized system (46), an equilibrium at intervention level δ is a point Q∗(δ) satisfying

F(Q∗(δ); δ) = 0.

As δ varies, a smoothly varying family of such equilibria is called an equilibrium branch.

Definition 2 (Lyapunov stability) A fixed point z∗ of (47) is Lyapunov stable if, for every neighborhood U of

z∗, there exists a neighborhood V of z∗ such that

z(0)∈ V =⇒ z(t)∈U for all t≥ 0.

Definition 3 (Local asymptotic stability and basin of attraction) A fixed point z∗ is locally asymptotically

stable if it is Lyapunov stable and there exists a neighborhood U0 of z∗ such that

z(0)∈U0 =⇒ lim
t→∞

z(t) = z∗.

The basin of attraction of z∗ is the set of all initial conditions whose trajectories converge to z∗.

Unless explicitly stated otherwise, when the main text informally refers to a fixed point as stable, it means locally

asymptotically stable. A fixed point is unstable if it is not Lyapunov stable. A fixed point can be Lyapunov stable

without being asymptotically stable; for example, a continuum of closed orbits around an equilibrium can keep

trajectories nearby without making them converge.

Linear stability analysis. Let J=DF (z∗) be the Jacobian matrix of F evaluated at the fixed point z∗. The fixed

point is called hyperbolic if no eigenvalue of J has zero real part. It is non-hyperbolic if at least one eigenvalue has

zero real part. The standard linearization test gives the following local conclusions:

• If Re(λi)< 0 for every eigenvalue λi of J, then z∗ is locally asymptotically stable.

• If Re(λi)> 0 for at least one eigenvalue λi, then z∗ is unstable.
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• If no eigenvalue has positive real part but at least one eigenvalue has zero real part, then the fixed point is non-

hyperbolic and the preceding sign test does not determine the nonlinear local dynamics. Higher-order terms,

center-manifold analysis, or other arguments are needed.

For the learning dynamics, the relevant Jacobian along the equilibrium branch is

J(δ) =DQF(Q∗(δ); δ).

The stability condition in Theorem 1 is obtained by analyzing the eigenvalues of this matrix.

E.2. Limit Cycles and Basin Boundaries

The phase space of a dynamical system is the space of all possible states. For the system (47), the phase space is

Rn. A periodic orbit is a nonconstant trajectory z(t) for which there exists a period T > 0 such that z(t+T ) = z(t)

for all t. A limit cycle is an isolated periodic orbit, meaning that nearby periodic orbits do not form a continuum

around it.

A limit cycle is stable, or attracting, if trajectories initialized sufficiently close to the cycle approach the cycle

as t → ∞. It is unstable, or repelling, if nearby trajectories move away from it in at least one direction. In two-

dimensional dynamics, an unstable limit cycle surrounding a stable fixed point can form a local basin boundary:

trajectories initialized inside the cycle converge to the fixed point, whereas trajectories initialized just outside the

cycle are repelled away from the fixed point and may approach another attractor.

This planar picture is the intuition used in the Hopf analysis below. After the local reduction introduced in

Appendix E.4, the relevant dynamics near the critical equilibrium are described by two critical coordinates. In those

coordinates, an unstable periodic orbit can form the local boundary between perturbations that return to the stable

fixed point and perturbations that move away from it. This is a local statement about the reduced dynamics; it does

not by itself characterize the full global basin in the original phase space.

E.3. Bifurcations

A bifurcation is a qualitative change in the dynamics of a system as a parameter varies. Such changes include the

creation or destruction of fixed points, a change in the local stability of an existing fixed point, or the appearance or

disappearance of periodic orbits. The parameter value at which the qualitative change occurs is called a bifurcation

point. For the frozen-δ system

Q̇= F(Q; δ),

we study bifurcations along the symmetric interior equilibrium branch Q∗(δ). A branch is a smoothly varying family

of equilibria or periodic orbits indexed by the parameter. A local bifurcation of the equilibrium branch occurs at

δ = δc if the local phase portrait near the equilibrium changes qualitatively as δ passes through δc. Equivalently, for

each fixed δ, write local perturbations as

q=Q−Q∗(δ).

Then the equilibrium is at q= 0, and a bifurcation occurs when the local dynamics of q near zero change qualitatively

as δ crosses δc. In this paper, δc denotes a critical intervention level at which the symmetric interior equilibrium

branch loses local stability.

A Hopf point is a bifurcation point at which the Jacobian has a simple complex-conjugate pair of purely imaginary

eigenvalues,

λ±(δc) =±iωc, ωc > 0,
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while the remaining eigenvalues have nonzero real parts. In the stability setting studied in the main text, the remaining

eigenvalues have negative real parts, and the real part of the critical pair crosses zero as δ passes through δc. Thus,

stability is lost through a two-dimensional perturbation direction in which , at the linear level, nearby trajectories

spiral inward on the stable side, rotate without linear radial growth or decay at the Hopf point, and spiral outward

on the unstable side. If the relevant nonlinear nondegeneracy condition also holds, this Hopf point gives rise to a

Hopf bifurcation as discussed in Appendix E.5 below.

For a fixed point of a smooth finite-dimensional system, a local bifurcation can occur only when the fixed point is

non-hyperbolic. Thus, in the stability analysis, the candidate bifurcation points are precisely the parameter values

at which the Jacobian DQF(Q∗(δ); δ) has at least one eigenvalue with zero real part.

E.4. Center-Manifold Reduction

The center manifold theorem is a local reduction tool for studying equilibria whose Jacobian has eigenvalues with zero

real parts. These are precisely the cases in which linearization does not fully determine stability. In this subsection

we state the result for a sufficiently smooth vector field; in the Hopf calculations below, the required derivatives are

evaluated only in a neighborhood where the Q-value vector field is smooth.

Fix a parameter value δ0 and suppose Q∗(δ0) is an equilibrium of (46). After shifting coordinates so that the

equilibrium is at the origin,

q=Q−Q∗(δ0),

the dynamics can be written locally as

q̇= J0q+G(q), J0 =DQF(Q∗(δ0); δ0), G(q) =O(∥q∥2). (48)

Let the eigenvalues of J0 be grouped according to the signs of their real parts: n− eigenvalues with negative real

parts, n0 eigenvalues with zero real parts, and n+ eigenvalues with positive real parts. The directions associated with

eigenvalues whose real parts are zero are called the center directions. These are the directions along which nonlinear

terms determine the local behavior.

After a local linear change of coordinates that groups the linearized directions according to the real parts of their

eigenvalues, write q= (u,v), where u∈Rn0 are the center variables and v ∈Rn−+n+ are the non-center variables. In

these coordinates, the system takes the form

u̇=Mu+ g(u,v),

v̇=Nv+h(u,v),
(49)

where M is the block of the linearization associated with eigenvalues whose real parts are zero, N is the block

associated with the remaining eigenvalues, and g and h contain terms of at least quadratic order.

Informally, a manifold is a smooth geometric object that locally looks like a Euclidean space of some dimension.

For example, a curve is a one-dimensional manifold and a surface is a two-dimensional manifold. In the present

setting, the relevant manifolds are locally defined subsets of the state space near an equilibrium. A manifold is locally

invariant for a dynamical system if any trajectory that starts on it remains on it for as long as the trajectory stays

inside the neighborhood where the manifold is defined.

Theorem 2 (Center manifold theorem and reduction principle (Kuznetsov 2004)) There exists a locally

defined center manifold W c(0) that passes through the equilibrium, is locally invariant, is tangent to the center

eigenspace at the equilibrium, and can be written locally as

W c(0) = {(u,v) : v= V (u)}, V (0) = 0, DV (0) = 0.
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The dynamics restricted to the center manifold are

u̇=Mu+ g(u, V (u)). (50)

When all non-center eigenvalues have negative real parts, the local stability or instability of the full equilibrium is

determined by the reduced dynamics (50). In particular, if the origin is locally asymptotically stable for the reduced

center dynamics, then the full equilibrium is locally asymptotically stable; if the origin is unstable for the reduced

center dynamics, then the full equilibrium is unstable.

In the Hopf case, n0 = 2: the center directions are spanned by the real and imaginary parts of the critical complex

eigenvector. We refer to this two-dimensional reduced space as the Hopf plane. Equivalently, one may use a complex

Hopf coordinate z ∈C or polar coordinates

z = reiφ, u= (r cosφ, r sinφ).

The radius r = |z| measures the local amplitude of the oscillatory deviation from the equilibrium, while φ records

the phase of the oscillation. For a fixed intervention level near a Hopf point, the amplitude r is the radial distance

of the local critical-coordinate representation from the equilibrium Q∗(δ). In the implementation-speed analysis, the

same Hopf-coordinate construction is applied pointwise along the frozen-δ equilibrium branch, so rt measures the

instantaneous critical-coordinate distance of the learning state from Q∗(δt).

E.5. Hopf Bifurcation

A Hopf bifurcation is the local mechanism by which an equilibrium loses stability through a complex-conjugate pair of

eigenvalues crossing the imaginary axis. Let q ∈Cn be an eigenvector associated with one eigenvalue in the pair. The

real two-dimensional subspace spanned by Re q and Im q is the critical subspace. At the linear level, perturbations

in this subspace rotate around the equilibrium; as the real part of the eigenvalue pair changes sign, these rotations

switch from decaying to growing. Consider the parameterized learning dynamics (46) and a smooth equilibrium

branch Q∗(δ). Along this branch, let

J(δ) =DQF(Q∗(δ); δ)

denote the local Jacobian. At a Hopf threshold, the local linearization has this two-dimensional critical subspace.

The Hopf theorem below states the standard smoothness, spectral, crossing, and nonlinear nondegeneracy conditions

under which this linear loss of stability produces a local branch of periodic orbits.

The remaining issue is nonlinear: when periodic orbits bifurcate from the equilibrium branch, are they stable or

unstable, and do they appear on the stable or unstable side of the threshold? This is determined by the cubic terms

in the Hopf normal form after reducing the dynamics to the two-dimensional center manifold. The coefficient that

determines the sign of this cubic effect is called the first Lyapunov coefficient, denoted by ℓ1. Its explicit formula

involves second- and third-order derivatives of the vector field at the Hopf point. We do not need that formula here;

Appendix B.3 gives the computation for the Q-value system. The nonlinear nondegeneracy condition is ℓ1 ̸= 0. Under

the convention used below, the sign of ℓ1 determines whether the Hopf bifurcation is supercritical or subcritical.

Theorem 3 (Hopf bifurcation (Kuznetsov 2004, Guckenheimer and Holmes 2002)) Consider the frozen-

δ system Q̇= F(Q; δ), and suppose that the following conditions hold at (Q∗(δc), δc):

1. The vector field (Q, δ) 7→ F(Q; δ) is C3 in a neighborhood of (Q∗(δc), δc), and Q∗(δ) is a C1 equilibrium branch;
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2. The Jacobian J(δc) =DQF(Q∗(δc); δc) has a simple complex-conjugate pair of purely imaginary eigenvalues

λ±(δc) =±iωc, ωc > 0;

3. All remaining eigenvalues of J(δc) have strictly negative real parts;

4. If λ±(δ) = aH(δ)± iω(δ) denotes the continuation of the critical eigenvalue pair near δc, then aH(δc) = 0 and

a′
H(δc) ̸= 0;

5. The nonlinear nondegeneracy condition holds: the first Lyapunov coefficient ℓ1 at (Q∗(δc), δc) is nonzero.

Then the system undergoes a Hopf bifurcation at δ = δc. A branch of periodic orbits bifurcates from the equilibrium

branch. Under the convention used in Kuznetsov (2004), and describing the side of the bifurcation by the sign of

aH(δ), the sign of ℓ1 determines the criticality:

ℓ1 < 0 =⇒ a stable small-amplitude periodic orbit occurs for aH(δ)> 0 (supercritical),

ℓ1 > 0 =⇒ an unstable small-amplitude periodic orbit occurs for aH(δ)< 0 (subcritical).

On the two-dimensional center manifold, the Hopf normal form can be written in a complex coordinate z as

ż =
(
aH(δ)+ iω(δ)

)
z+ cHz|z|2 +higher-order terms, (51)

where cH ∈C. The real part of the cubic coefficient determines the leading-order amplitude dynamics. Writing

ℓH := Re(cH),

and setting r= |z|, the radial dynamics take the form

ṙ= aH(δ)r+ ℓHr
3 +O

(
|δ− δc|r3 + r5

)
. (52)

Under the normalization used in Appendix B.3, ℓH has the same sign as the first Lyapunov coefficient ℓ1. In particular,

with the convention used there, ℓH = ωcℓ1.

If a′
H(δc)> 0, then for δ sufficiently close to δc, the equilibrium is locally asymptotically stable on the side δ < δc and

unstable on the side δ > δc. When ℓH < 0, a stable small-amplitude limit cycle appears on the unstable side aH(δ)> 0.

When ℓH > 0, an unstable small-amplitude limit cycle exists on the stable side aH(δ)< 0, with leading-order radius

ru(δ) =

√
−aH(δ)

ℓH
+ o

(√
|aH(δ)|

)
. (53)

As δ ↑ δc along the stable side, this unstable cycle shrinks onto the equilibrium. In the reduced dynamics on the

local center manifold, it separates nearby critical-coordinate perturbations that in the critical subspace that return

to the equilibrium from nearby critical-coordinate perturbations that are repelled away from it. Thus the reduced

local stability region in the critical directions shrinks as the Hopf threshold is approached.

Supercritical and subcritical cases. The two cases are illustrated by the following canonical normal forms,

written in polar coordinates (r,φ). We use µ in these examples as a generic scalar bifurcation parameter.

Example 3 (Supercritical Hopf bifurcation) Consider

ṙ= µr− r3, φ̇= ω+ br2. (54)

When µ < 0, the origin is locally asymptotically stable. When µ > 0, the origin is unstable and is surrounded by a

stable limit cycle with radius r=
√
µ. The transition is continuous: the amplitude of the attracting cycle grows from

zero as µ increases above the critical value µ= 0.



Author: Article Short Title
58

Figure 10 Canonical phase portraits of the supercritical Hopf bifurcation in (54): µ< 0 on the left and µ> 0 on the right.

Example 4 (Subcritical Hopf bifurcation) Consider

ṙ= µr+ r3 − r5, φ̇= ω+ br2. (55)

For µ< 0, the origin is locally asymptotically stable and is surrounded by an unstable periodic orbit; the quintic term

creates a stable large-amplitude cycle farther away. As µ ↑ 0, the unstable periodic orbit shrinks toward the origin. At

µ= 0, the origin loses stability. For µ > 0, trajectories near the origin are repelled and may move toward the outer

attracting cycle. This produces a discontinuous transition in amplitude and can generate hysteresis: once a trajectory

moves to the large-amplitude oscillatory attractor, reducing µ back below zero need not return it to the fixed point

unless it crosses back inside the basin bounded by the unstable cycle.

Figure 11 Canonical phase portraits of the subcritical Hopf bifurcation in (55): µ< 0 on the left and µ> 0 on the right.

The dashed curve in the left panel is the unstable periodic orbit that shrinks to the origin at µ= 0.

Interpretation for the intervention analysis. In the paper, the intervention level δ plays the role of the bifur-

cation parameter. The critical threshold δc is the value at which the symmetric interior equilibrium branch Q∗(δ)

loses local stability. The computation in Appendix B.3 evaluates the first Lyapunov coefficient ℓ1 at this threshold.

The numerical evidence reported there gives ℓ1 > 0, indicating a subcritical Hopf bifurcation under the convention

above.

Consequently, for δ < δc but close to δc, the equilibrium can be locally asymptotically stable while, in the local

Hopf reduction, an unstable periodic orbit surrounds it. This orbit gives a local basin boundary in the Hopf-reduced

coordinate, and its leading-order radius shrinks according to (53). A sudden increase in δ can therefore move the

current Q-values outside this reduced local basin even when the target frozen-δ equilibrium remains locally stable.

The Hopf analysis by itself implies repulsion from the local equilibrium neighborhood; in the benchmark computations

reported in the paper, the resulting trajectories converge to persistent oscillations. A gradual intervention can avoid

this local loss of tracking by allowing the trajectory to remain near the moving equilibrium branch while the reduced

basin boundary shrinks.
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Appendix F: Supplementary Main-Text Illustrations

The fixed-intervention bistability illustration and the constant-learning-rate benchmark example are included in the

main text; see Figures 1 and 2 and Example 1.

Appendix G: Numerical Parameters for the Computational Experiments

This appendix collects the numerical parameter choices used in the figures and computational exercises. Unless stated

otherwise, experiments use the following baseline payoff and learning parameters:

R= 2.1, S = 1.8, T = 3.1, P = 2.0,

α= 0.002, γ = 0.6, τ = 0.5, ϵ= 0.01, θ= 1.

These payoff values imply

A= (R−T )− (S−P ) =−0.8, B = S−P =−0.2,

so A and B are not listed as independent numerical parameters below. The intervention level δ is reported separately

for each figure or experiment.

Experiment or figure Differences from the baseline parameters

Figure 1 Uses δ= 0.242.

Figure 2 and Example 1 Uses δ = 0, θ= 0, and α= 1. For these payoffs, τ0 =−1/A= 1.25
and τϵ(0)≈ 2.36.

Example 2 Uses δ = 0 and α = 1. The example compares θ = 1, which is
stable, with θ = 3, which destabilizes the same symmetric fixed
point.

Figure 3 The left panel sets δ= 0.2< δc, and the right panel sets δ= 0.3>
δc. For this parameterization, δc ≃ 0.284.

Figure 4 Uses δ= 0.265.

Figures 5 and 6 The target is δ∗ = 0.242. The sudden path moves δ : 0→ 0.242.
The staged path moves δ : 0→ 0.2→ 0.242. The reference trajec-
tory holds δ= 0.242 fixed and initializes the state near Q∗(0.242).

Figure 7 The θ-panel varies θ around the baseline while holding τ = 0.5.
The τ -panel varies τ around the baseline while holding θ= 1.

Figures 8a and 8b Uses δ= 0.2< δc and δ= 0.3> δc.

Figure 9 Uses δ = 0, θ = 0, and α = 1. The left panel uses τ = 0.5; the
right panel uses τ = 1.5. For these payoffs, τ0 =−1/A= 1.25 and
τϵ(0)≈ 2.36.
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